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The Shortest Path

A History of the Art and Science of Problem-Solving
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Great solvers do not search harder; they change the space until the path is short.
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How to read this book - 7591uLauil

Great solvers do not search harder; they change the space until
the path is short.
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Every block of prose in this book appears twice in a row: the English, tagged EN,
then its Thai twin, tagged TH and set against a rule in the margin. The two are
never more than a paragraph apart, so a reader working in either language can
check the other without turning a page. Read one tag and skip the other, or read
both — the book is built for either habit.
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Twelve chapters. Each closes by naming its Move — a transferable act, stated so it
can be carried out of the story it came from. Chapter 99 assembles all eleven
Moves into a kit, a standard opening, and a thirty-day route.
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The English canon is the source of truth; the Thai is a rendition of it under a fixed
contract (source/TH_SPEC.md). Every dated claim carries a checked source, and
anecdotes the historical record disputes are flagged as disputed rather than
smoothed over.
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THE KNOT AND THE PATH

CHAPTER 00O

The Knot and the Path

JUUazlaunig

Gordium, 333 BC
nasinau 333 Unauasannia

In the old capital of Phrygia, in what is now central Turkey, an ox-cart stood
in the citadel with its yoke lashed to a pole by a knot of cornel bark. The
bark had hardened over generations until the knot was a single woody mass
with no visible ends. An oracle had attached a promise to it: whoever undid
the knot would rule Asia.
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Alexander of Macedon arrived that year, twenty-three years old and mid-
conquest, and could not afford to walk away from a public prophecy. The
ancient sources preserve two versions of what happened next, and the dis-
agreement between them is worth more than either story alone.
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THE KNOT AND THE PATH

In the version most people know — the one Plutarch says most writers re-
ported — Alexander studied the knot, found no ends to work with, drew his
sword, and cut it through (Plutarch, Life of Alexander 18). In the second ver-
sion, which Arrian attributes to Aristobulus — an engineer who was actually
on the campaign — Alexander did something quieter: he pulled out the
wooden pin that ran through the pole and held the whole assembly togeth-
er. The yoke slid free. The knot, still tied, no longer fastened anything (Arri-
an, Anabasis 2.3).
TH
Tuduudiaudnng§dn — duaud Plutarch venininieudlvajseau
A9 — Alexander Miasnzvivutiu liwudaneidenlwiu Sednaueenuiiu
21 (Plutarch, Life of Alexander 18) Tuduuiiass 9 Arrian 8193731910
Aristobulus — 3ANfisIurineya3e — Alexander viaAsidsundniu: i
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Notice what neither version contains: Alexander untying the knot. Both ac-
counts agree that he refused the problem as offered. The oracle said undo
the knot; everyone before him had heard untie it by hand and failed. Alexan-
der — by blade or by pin — heard only make the knot irrelevant, and suc-
ceeded in seconds at a task that had defeated petitioners for generations.
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THE KNOT AND THE PATH

The sword version celebrates force. The pin version celebrates insight. But
the decisive move in both is the same, and it happened before anyone
touched the rope: a decision about what the problem actually was. That
move — made deliberately, named, studied, taught, and eventually
mechanized — is what this book is about.
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What a problem is
Jaymdoayls

We use the word "problem" loosely, for everything from a flat tire to a failing
marriage to Fermat's Last Theorem. The scientific study of solving begins by
tightening it. The Gestalt psychologist Karl Duncker, writing in 1945, gave
the definition the field still leans on: a problem exists when a living creature
has a goal but does not know how the goal is to be reached (Duncker, On
Problem-Solving, 1945). The key word is know. A flat tire is not a problem for
a mechanic — it is a task, a known procedure executed with known tools. It
becomes a problem the moment the jack is missing and nothing in memory
supplies the next step.
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THE KNOT AND THE PATH
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A problem, then, is a gap with no visible bridge: a present state, a desired
state, and no ready-made route between them. This definition does some-
thing useful — it makes "problem" a relationship between a situation and a
solver, not a property of the situation alone. The same knot is a wall to one
mind and a doorway to another. The entire discipline lives in that differ-
ence.

T
Fetfutlywnfte desineiisauadlsiiiuagniu: an1ug (state) Togiu anugil
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In 1972, after fifteen years of watching people solve puzzles while thinking
aloud, Allen Newell and Herbert Simon gave the definition its formal
skeleton in Human Problem Solving, one of the foundational works of
cognitive science (Newell & Simon, 1972). A problem, they proposed, can be
described as a problem space: a set of states (every configuration the situ-
ation could be in), a set of operators (every legal move that transforms one
state into another), an initial state, and a goal state. Solving is search: find-
ing a sequence of operators — a path — from where you are to where you
want to be.
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(problem space): lwnvas @a1uy (Ynguuuufidaun1sallulule) wnves i
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This sounds like an analogy. It is not. It is a formalism, and it turned out to
be astonishingly general. A chess position, a half-finished proof, a molecule
to synthesize, a route through a city, a debugging session, a legal argument
— each fits the frame: states, moves, start, goal. When Newell and Simon
built the first artificial-intelligence programs on this idea in the late 1950s,
the programs worked, which is the hardest kind of evidence that a defini-
tion has caught something real. The same skeleton now runs inside route
planners, theorem provers, and the game engines that beat world
champions. Chapter 05 tells that story in full.
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THE KNOT AND THE PATH

The problem-space view also explains, in one stroke, why problems are
hard. The spaces are unimaginably large. Chess has more possible games
than there are atoms in the observable universe. The space of possible
proofs, or possible protein folds, or possible business strategies, is worse.
No solver — human or machine — searches these spaces exhaustively. Any-
one who solves anything nontrivial is doing something cleverer than looking
everywhere.
TH
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The thesis of this lglook
JarauaYaInINAaLaNll

What is the cleverer thing? A century and a half of mathematics, psycho-
logy, wartime engineering, and now machine intelligence converges on an
answer that can be said in one sentence:
TH
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Uszloalfen:

Great solvers do not search harder; they change the space until the path
is short.
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THE KNOT AND THE PATH

Difficulty is not a fixed property of a problem. Difficulty lives in the repres-
entation — in which states you bother to distinguish, which operators you
allow yourself, and what you take the goal to be. Change any of those, and a
maze can collapse into a corridor.
TH
anuenbildnuantiniesiiveslym anueneglu suwuunisunutdym
(representation) — agfiindanuenuszaniuglvuting sygaliguedd
operator It uazdeindmaneiessls iWasuedrdlaegramilslutu i
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The book in your hands is a history of that collapse, performed again and
again by the best minds of every era:
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Leonhard Euler, asked whether a stroller could cross each of Kénigsberg's
seven bridges exactly once, threw away the city — the streets, the water,
the geography — until only dots and lines remained, and in that stripped
space the answer became a two-line argument. Graph theory was the
residue of his reframing (chapter 02).

John Snow, facing a cholera epidemic that the best minds of 1854
attributed to bad air, changed what a state was: not a patient, but an ad-
dress. Plotted on a map, the deaths encircled a single water pump on
Broad Street (chapter 07).

The physicists and economists of the 1940s discovered that thousands of
apparently different questions — feeding an army cheaply, routing con-
voys, scheduling factories — were one question wearing different clothes,
and built a single mathematical engine to answer all of them (chapter 04).

* A team at DeepMind, facing the fifty-year-old problem of predicting how
a protein folds, stopped trying to simulate the physics and recast folding
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THE KNOT AND THE PATH

as a pattern-completion problem over evolutionary history — and effect-
ively closed the problem in a single year (chapter 08).
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Different centuries, different fields, one silhouette: the space changes, then
the walk is short.
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THE KNOT AND THE PATH

There is a hard version of this claim and a soft version. The soft version says
reframing is one useful trick among many. The hard version — the one this
book defends — says reframing is the central act, and that most of what we
call genius in solving is skill at choosing spaces, with the searching itself
almost an afterthought. The evidence for the hard version fills the chapters
ahead; the honest limits of it (some spaces resist all compression — that is
chapter 06, on the mathematics of genuine hardness) are part of the story
too.

TH
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Why "shoyrtelst"
viludag "dunan”

The title needs defending. Why prize the shortest path? Isn't any path to the
goal a solution?
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Three reasons, in ascending order of depth.

TH
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THE KNOT AND THE PATH

First, economy is survival. Every real solver — a person, a company, an al-
gorithm on a deadline — pays for search in time, money, or attention. The
history of operations research (chapter 04) is the history of shaving paths
because the shavings were worth fortunes and, in wartime, lives.

TH
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AEUR1Y — F18AINISAUNIULIET RU wseruaula UseiRaansuedise
A fiueu (operational research, OR) Tuunii 04 AeUsziRAiansvesnisidou
ldunelnduas Insziaviidousanunianduiiuuniaia wazlusuasnsiu
o @ aa

uAndurinau

Second, the short path is a certificate of understanding. A thousand-step
solution can be stumbled into; a three-step solution to the same problem
means the solver saw structure the stumbler missed. When Gauss, as a
schoolboy, summed the numbers 1 to 100 in seconds by pairing them into
fifty 101s, the answer was worth nothing — any drudge could reach it — but
the route proved he had seen what addition actually is. Teachers, examiners,
and referees have always graded the path, not the destination, and they are
right to.

TH
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THE KNOT AND THE PATH

Third — and this is the strangest fact the book has to offer — the short path
is how truth feels. Mathematicians speak of elegant proofs with the vocabu-
lary of aesthetics, and Paul Erd6s spoke of "The Book" in which God keeps
the perfect proof of each theorem. This is not decoration. Chapter 09 ar-
gues, with support from information theory and from the neuroscience of
insight, that the experience of beauty in a solution is the felt signal of com-
pression — of a representation snapping into a form where the answer is
nearly free. The shortest path is not just cheap. It is what understanding is,
seen from inside.

TH
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One warning, before the warm feeling settles: the shortest path is almost
never the first one found. It is usually cut after someone has hacked
through the long way — Euler's two-liner came after the strollers of Konigs-
berg had worn out their shoes. Elegance is typically a second draft. That,
too, is a law of this science, and the galleries of chapters 07 and 08 will
show it operating in every century.

TH
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THE KNOT AND THE PATH

Four traditions, one science
Ade wileArans

Is there really a science here — or just a shelf of anecdotes about clever
people? The skeptic's question deserves a straight answer, and the answer
is the structure of this book.

TH
nsellll Aans egasanie — wseliuatuntsdeiiiulumeininsotauaain A
AMUVDIAUTAIFIAITIAAINBUATIY LaTAINDUAB]ATIAS 19BN IR BIANT

The study of solving grew up four times, in four communities that barely
read each other:

TH
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1. The mathematicians' tradition asked: can the making of discoveries be
taught? It runs from the compiled methods of Egyptian and Greek antiquity,
through Descartes' dream of a universal method, to George Pdlya's How to
Solve It — the 1945 handbook that gave heuristics their modern names and
became, decades later, required reading for the builders of artificial
intelligence. Chapters 01-03. 2. The psychologists' tradition asked: what
actually happens in a head when the answer arrives? From the Gestalt
school's experiments on insight, through Newell and Simon's problem
spaces, to the modern neuroscience that can watch the "aha" moment on an
EEG trace. Chapters 03 and 09. 3. The engineers' tradition asked: can solv-
ing be made industrial — systematic, optimal, provable? Born in the opera-
tional research cells of the Second World War, it produced linear program-
ming, dynamic programming, the shortest-path algorithms that run inside
every navigation app, and, at its philosophical peak, the theory of
computational complexity: a mathematics of hardness itself, which proved
that some spaces cannot be compressed by anyone, ever. Chapters 04-06.
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THE KNOT AND THE PATH

4. The machines' tradition is the youngest: solvers that are not us. It began
the moment Newell and Simon's programs first worked, and it has now pro-
duced systems that find paths no human has ever walked — move 37, novel
proofs, folded proteins. What those systems still cannot do, and what that
means for anyone who solves for a living, is the business of chapter 10.

TH

1. anginadindrans a1un aoulirudunudslnilaluy areiinenanisngn
sasuliludsununazninlusiu iuauiluves Descartes 150935870@ 41
2UD9 How to Solve It Y84 George Polya — f«jﬁ’eﬁj 1945 Ninsdeaislndliis

| A .. I3 v 4 Ay v a cv '

W198198naN (heuristic) waznanaluniivdengasalyyiusenvgnosenu
Tudnuaneneissurau Ui 01-03 2. @18UNIRINGT 11171 TuiAuLha
2r15UU0399 MoUAINBUNNDY 21NNNTNAABILTBN insight Yasd1tin Gestalt

1 &' n:l o . = a (4 L ldl U
puNunleyves Newell A Simon undisuszamaneamansadelniiniilig
g "ge" vuns 1w EEG 1A unil 03 uag 09 3. @1e3ddns a1ud vilwnisua
Yaymidu gmanunssa lalua — Juszuu mneiian gald aetiiinlu
nhgiduanfiuanuresasnsiulanasanges sulriudaiuuanisiadu
(linear programming) AM#UANTISWAIR (dynamic programming) 9ana3umn
Wunedunganvinauegluseudimamnda wazlugagegaidsusveyrvesiv
ABNGUNAMUTUTDULTIATUIN: ANAAIAATUY FIAIINBINLBY TINFIUI
vanuilifilastudald lddndielusiau undi 04-06 4. @reaIaedns o1
wesign: dnuidsyvilalais duduluiunfinlusunsuves Newell U Simon
hauldasiusn uazmauldundnszuuindunisdaliweinyvdaulnniu
wnoule — Move 37 unigaulni TusAunuwas dnssuuimaiuudwinlile

o A v & a oA i

wazAMUIYetiuRaaunuAUynluendnw Aegsyvesuni 10
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THE KNOT AND THE PATH

Four traditions, four vocabularies, one subject. The claim that they form a
single science rests on how well their central ideas translate into one an-
other — heuristic search, insight as restructuring, optimization, representa-
tion change — and the book is, among other things, a running
demonstration of that translation.

TH

dane dgnAdni ullahide desreiindsiumudumansifeatuinseguu

2
1 o 1 [

Nlepsnanvssusazatenlatiunulanualvu — n1sAURILUY heuristic 15
wdaulugruznisialasasislua n1swAnuunzign (optimisation) n1s

a . L 1 é’d &, a & b4
\wWaAsU representation — wagnisdatauiinidunisandanisulanulunaonng
wau Tuussanadsdunduidu

How to read thyis book
A59uniledaLaNil

The chapters are arranged in four movements, and a coda:

TH

e’.}/ v I3 a ] ‘:! 1 a,
UNNIRUAIALUUEN DU NUKRUINDUUR:

* I - Origins (01-03): how humanity noticed that method itself could be an
object — made, named, improved, and taught. From the scribes of the
Rhind papyrus to Polya's heuristics.

¢ II - The Formal Sciences (04-06): how solving became engineering — op-
timization, algorithms, and the wall of provable hardness where
engineering ends.

* III - The Gallery (07-08): ten great solves across four centuries, each told
around the single move that cracked it. The theory made flesh.

* IV - Beauty and the Future (09-10): why the short path feels the way it
does, and what happens to human solvers now that machines search
better than we do.
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THE KNOT AND THE PATH

* Coda (99): the whole book folded into a practice — a vocabulary of moves
and a thirty-day route for making them reflexes.
TH
- 1 - gasdia (01-03): uywddunaldodndlyidisieaduingtundald —
a¥9ld aateld Ufuuseld wazaould arnendnuaivesnszatwunlya Rhind
814 heuristic 999 Pdlya

-« 11 - Aans3UTE (04-06): nsundeymnanaidudcnssuldegnls — nnsm
AnMINEign dane3fiu waziunswesanueningaila adugan
IFINTIUAUANA

« lll - naL304a1 (07-08): NSUARSINEAUASITINEANITTE UAAZISOIET
seuviRediniuunn ngefinareiduilonds

« IV - anumivauan (09-10): virludunsdudslianuianuuunduli
wazozlsaziauiutdnuideymiiluuyed WeimsosdnsAuninming
Wi

- viouln (99): milsdeniaaunuandunisiin — yadrdwivewin uazsidunig
Hnauduiunvinlivinwaiunaneduujisednludi

One structural device runs through everything, and you should know it
now. Every chapter ends by naming its Move — the single transferable act
that its history teaches, stated in a form you can actually use on Monday
morning. The moves accumulate. By the coda you will hold the complete kit,
and the closing chapter exists to turn the kit from vocabulary into reflex.
Read for the stories if you like; the moves are the cargo.

TH
= a ¥ :é ] a‘a‘ 1 1 4 gj 1 dy
finalnislaseadanilsed nIwWIunnegns warAdsilinwusnaull naunau
A28N15AIVBNIUSZITUN — N15NSEVINABINa18NDATINITU AT
Usgidmansluuniuaeul’ Weuluguimdululddriudunslaese vinavay
Auluisess wetwieuln Tuilossiignnsesionsuln wazunlaiiagne

t:i' a' = o Y @ aaa [ wa 1 d' 1 &V v 1
WarugamIasliovnmdanililuufisersnludi averuensauanla us
YOINUTTNNUIDTE) ADVN
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THE KNOT AND THE PATH

A note on evidence, because this library has standards: every dated claim,
quotation, and case in this book carries a source, checked at the time of
writing. Where the historical record is genuinely uncertain — as with the
sword and the pin at Gordium — the uncertainty is stated rather than
smoothed over. A history of clear thinking should not itself cheat.
TH
MnEwAEewENg W s zasanaiifinsgiu: ndedeiiiui
1984 unznnnsdlumilvdoiduiiiundsiiundifu asauds s aidou ase
Inuiituiinnaseiamansliwdusussn — sdhasesmuivadnlii
nofieu — mnulduvueuiugnwasenuasey lalldgnnauley
Useifransvasnisanlinszansliasinadeies

The Move
N1UsLAIUN

Every chapter of this book closes the same way. Here is the first entry in the
kit.
TH

=

v A 1 a’l’a -4 a % dl dl I
V!ﬂUV]‘Uaﬂﬂu@ﬁE]Lallu‘Uﬂ‘Vﬂ&lLL‘U‘ULﬂEJ'Jﬂ‘N UﬂﬂiqﬂﬂqiLLiﬂIUﬁﬂLﬂiaﬂﬂﬁl

Move 00 — Question the frame before touching the rope.

TH

Move 00 — AIAININAUNSIU NdULALLYDN
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THE KNOT AND THE PATH

When a problem arrives, it arrives pre-framed: someone — a customer, a
boss, a textbook, your own habit — has already decided what the states are,
what moves are legal, and what counts as solved. The frame reaches you
disguised as reality. Generations failed at Gordium because they accepted a
rule no oracle had actually spoken: by hand, ends found, rope intact.
TH
nandeymanda Susmdon nseufigndalidamd: flasusau — gnén
LWIUNY 153U WIEAULALTUTEIRILEY — Anduluudrinantusiiezlsing
nsindeuiuuuluugnn@ng uazeglsiuiudlduga nsevandsluasivues
AT AUNAEFIgEumTineSiRsuwzausungfilifdwensnide

Tuunaliiae: 1oiie viuanalviee Wendedldvia

So, before searching — before any cleverness at all — interrogate the frame:

TH

QLU NDUITAUNT — NAUALRANDE LSTNEL — IdnnsaUnau:

* What would count as solved? Say it precisely. The oracle graded out-
comes ("the knot is undone"), not procedures.

* Which constraints are real, and which are habit wearing a uniform? For
each rule you are obeying, ask: who set this, and does it bind me?

* Am I solving the problem, or the problem's packaging?
TH
 a¢l534 tfudn udlduda yaoonunlida dmennsallipsuuniinadws (Us
ameuda”) lldfitunou

v YV

- Jadninvaluuass uazdeluufemnuineIunldinIasuunn dmsungmn
anmawiaueg Tiaudn Tasasngil uazdugniinisnasmse

(Y]

« Mdunteyn nienaun nasevie vostaymd
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THE KNOT AND THE PATH

Alexander's blade and Aristobulus' pin are the same move in different cos-
tumes: both attack the frame, not the knot. Everything else in this book —
Euler's dots, Snow's map, Bellman's recursions, move 37 — is this move,
deepened, varied, formalized, and finally taught to machines.

TH

AUATUVBA Alexander Auadnlivas Aristobulus Aevinfieafiuluasasusisnie
Auazyn: Neglandnsau lalyuu ynegrsnndelunilsderauil — gaves Euler
dl = ’(; L= 1 g dﬂl o Ve g
WNUNUBY Snow N15I38NE1Y84 Bellman, Move 37 — Aiavinil Nignvinlianau
wanuauseanly vinliluguile wazlungagnasulasesins

The knot is the problem as handed to you. The path is yours to choose.

TH

'
a

UnAsteymlugufignausnld dumadudedidenies

Next — Chapter 01 - The First Methods: four thousand years ago, someone first
wrote a solution down not to record the answer, but to teach the route.
Method became an object. Everything else followed.
TH
welu — unii 01 - Byausn: Aulnou daudsunaudadluiduafousn sy
iethufindneu udiiedswdunis 33naneiluing yneghefimdanuunain
AL
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THE FIRST METHODS

CHAPTER 01

The First Methods

o
A5YAUSIN

A Scribe's Desk, Around 1650 BC
Thza1aneal 517 1650 Unauasannia

A man named Ahmes sits with a papyrus scroll nearly five meters long un-
rolled across his lap, copying out mathematics that was already two centur-
ies old when he began. He tells us so himself, in the opening lines of the
document: he is writing in the thirty-third regnal year of the Hyksos king
Apophis, transcribing a text that goes back to the reign of Amenembhat III of
the twelfth dynasty (British Museum; Wikipedia). The scroll he is producing
will end up, three and a half thousand years later, in the hands of a Scottish
lawyer named Alexander Henry Rhind, who buys it in Thebes in 1858; today
the two largest fragments sit in the British Museum, cut apart at some point
by antiquities dealers hoping to sell the halves separately (British Museum).
We know it as the Rhind Mathematical Papyrus. Ahmes calls it, in his own
opening words, something closer to "accurate reckoning for inquiring into
things, and the knowledge of all things, mysteries... all secrets.”

TH

= A & Aw a a v YY)
YIWAUNLIYD Ahmes 1aAATHUNTEAUITTAE1INBUAIUATEONUUGAN AR
A9NANNANFASTNLNILNNIADIANITTYLAIAILATUNVSHASED LUIUBNLS LB
Tuussvintavasanans I ndsululnanduanuuwissvnianymse Hyksos
WEUIU Apophis AnanArunndeuluissvadevos Amenemhat 111 Wi
31%29ANAUABY (British Museum; Wikipedia) dhunilwidsinedil 8nanuwu
P4 =" =1 [ =
nseeUiaunazlunnagluiovesuneauyiianeniia Alexander Henry
Rhind f{@e3ui Thebes 1wl 1858 nnjullvudiuaestunlnenaneaglu British
Museum — wWaAvaundndusaniduassdnludialadlanile wisasuianen
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fil (British Museum) mj’f%’nﬁu“lu%a Rhind Mathematical Papyrus @au
Ahmes Bonifusiedessnlavesenes Iudueglsursedaiilndifesiu "ans
Aausumiug e duAuaTINas LLazﬂaﬂujﬂuaiiwﬁaﬁaﬂqa Tupruagu...
TuAuduaan”

That is a large claim for a document that spends most of its length on bread,
beer, and grain. The papyrus contains 84 problems, worked out one after
another: how to divide loaves among men so each gets a fair share, how to
convert one measure of grain into another, how to find the slope of a
pyramid face given its height and base (British Museum). None of this looks
like the mathematics we associate with "theorem." There is no proof in it, in
the sense Euclid will later demand. What there is, problem after problem, is
something almost more valuable to this book's history: a written, repeatable
procedure, worked start to finish, that a second scribe — one who never met
Ahmes and never will meet the original problem-setter — can pick up and
execute correctly.

TH

o & o ¥ = 1 o U =g v 1 i (Y S ¢
nwduarsnsnlngjunndwmsuienasiltnnuendmlualuivouuds 1es
wazant nszarwUlgasiouiifilond 84 U uAlvigiiazdenaiiioaiuly:
wisuntelirunguuilsegnlslinnaulddiunilusssu wlambeniaudn
gonmienilsludnmienilsegnals manudursaniiniisziinainainuga
wazg1ueg19ls (British Museum) laifinglslulingumiiouadinAnansiisynll
U o 1 n = n =) a L4 5 dl . a i 4
AuA1in "ngufun” lusiunngategluuu Tuaununei Euclid azsenseodluy
BN Fandiod Tauadtoian AvvasiunuaziAinindmsuuseiRmanslu
wilsderauil: Junowds Maeuld vignld uldgaeusduauau Geeanvalau
= = 1 1 o = [ 4 a g
naes — aunliewu Ahmes uazazlifiiunuaunaslandauusn — nEuUTY
wvihaulaegignaas

Look at Problem 24. A quantity, added to a seventh of itself, makes 19. Find
the quantity. A modern student reaches for algebra: x + x/7 = 19, so 8x/7 =
19, so x = 133 /8. Ahmes has no algebra — no symbol for the unknown, no
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equation to rearrange. Instead the papyrus does something that looks, at
first, like cheating: it guesses. Try 7, since a seventh of 7 is a clean whole
number. Seven plus a seventh of seven is eight. But the answer needs to be
19, not 8 — so the guess was off by a factor of 19/8. Scale the guess by that
same factor — 7 times 19/8 — and the guess becomes correct: the true an-
swer, expressed the way Egyptian scribes wrote fractions, comes out to 16
plus a half plus an eighth. This is the method later called false position —
regula falsi in the Latin that would revive it more than two thousand years
afterward — and its logic depends on nothing more than the fact that the
equation is linear: whatever the initial guess produces, the final answer is
off by the same proportion everywhere, so a single corrective multiplication
fixes it in one stroke (Regula falsi, Wikipedia; MacTutor, Egyptian papyri).
TH
¢ ° = 1% = = v o % ° )
QI‘\WIEJ‘UEJ 24 UIURUN U’Jﬂﬂ’)‘c’JVIUﬂULQWU@QM’JNUL@Q vLﬂ 19 IN1UIUUY
uniseuadlniniwvadinunly: x + x/7 = 19 aviu 8x/7 = 19 azlu x =
133/8 Ahmes lLifinymdin — Lifidydnualunuanlii liiaunsTigadng
nseawUUyadevhdsusniiiumiiountsing: due aes 7 g iwsizuiiduidne
< o o = = = @ vy 1 o P ,
VDI 7 L‘Llummumumas] Lﬁ]ﬂ‘lJ’)ﬂ‘Vi‘UﬂUL‘\]ﬂ‘UENL?]ﬂVLﬂLL‘Uﬂ LAAINDUNDILUY
19 lail4i 8 — wiadrAmfimliaaaluidusausenau 19/8 pauAaniie
Y =~ v & 1 [ < o = o a
AIUTLNOULAYINUUY — 7 A 19/8 — ﬂ'lLﬂ’]ﬂﬂﬁ’]EJLUUﬂﬂﬁlE]UVlQﬂ: ATNDUDIY
= T Y saa | & \ I = =
WWYUDYNVIDIANYURY UM ULAYAIU 8BNUNUU 16 UINASY U’Jﬂﬂu\‘ﬂuLL‘Uﬂ
dldl Qdd‘ v A L4 1ad J oy e .
HA08NMenad3ENAWI1 35919A1a84 (false position) — regula falsi Tun1wn
a o X s ' v N9 Y o o Ty =
azgfunzUaniiuvduunividnnirassiutlivgs — uaznssnsvesiulidesia
Y < a a Xz a ¥ [ 1 & v 14
azlsunlunindamnaadainaunmsiiludadu: lidnanassuaglinassls
99011 AMnaugavinenaatalUmedadiufeinunnga n1spainiasufiedd
Innsauaulundai@en (Regula falsi, Wikipedia; MacTutor, Egyptian papyri)

Notice what has actually happened here. Nobody has "solved for x" in our
sense. What Ahmes has done is compress an entire family of problems —
any quantity plus any fraction of itself equals any target — into a fixed
sequence of moves: guess something convenient, measure the error as a ra-
tio, rescale. The genius is not in problem 24 alone. It is in the fact that
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problem 24 is written down as a method, separable from its numbers, so that
a scribe training a thousand miles and a hundred years away can apply the
same three moves to a different heap, a different fraction, a different target,
and trust the answer. The route has become reusable. That, and not the
number 16%, is what survived four thousand years to reach us.

TH
dunninineglstuaieg nsed ldlas "wivn x" Tuanuvungveasi &
Ahmes viAeTudalandnsnszna — Sruaulenls vinrwdiulanldvesiiv
[ U <&V v 4 A o w & % =) " A
o wirduidhuingladld — limaeddunisimdeulwiniesiyanis: 1a1ad
azaan InAnuaaaludnsndiu warusunasidiu sansennlilaegn
Tandde 24 s dusgiideinassvinlandde 24 Jeulilugiuegis ueneen
Y £ 14 o n‘d'd [ U I3 14 =2 14
nAavvessiuld endnvalilnagiseenlunuluduazdestTaenauin
a . &’ Y = 1 = o a 1 ¥ tﬂl o 14
weanuillUldiuneswesdnnes ewdiudnaa iWnunednal wandedineula
Wumananeiduvesnlddnla suarenn ladldiay 16% Aedsnseatruanud
11D

Two Rivers, Two Habits of Mind
#9931 @99NAINIIANUAR

A few hundred kilometers to the east, and largely without contact with
Egyptian scribal schools, Babylonian mathematicians were solving harder
problems with an even more explicit sense that they were writing proced-
ures, not just answers. The clay tablet now catalogued as YBC 7289 — a
small disc, easily held in one hand, incised sometime between 1800 and
1600 BC — shows a square with its diagonals drawn in, and beside one diag-
onal a sexagesimal (base-60) numeral that works out to an approximation of
the square root of two accurate to about six decimal places (YBC 7289,
Wikipedia). Other tablets, grouped by historians under the heading "pro-
cedure texts," go further: they lay out, in prose instructions rather than
worked numerical examples, the general steps for solving whole classes of
problems — what we would now call quadratic equations, systems of two
equations, canal-digging volumes — with the numbers in each problem
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serving as illustration rather than the point (MacTutor, Babylonian mathem-

atics).
TH
Woenlunnzusenliisesilawns uazunulifinishnsesudiin
andnualssus inadinmaniurdlaumduilandfiennnin daediiniidaau
nidetinddfinandeuietunauds LilduAsneu uiuRumiieadisuil
Funzifeulslude YBC 7289 — uiunawdng Sedreiiewenldauns adndu
aslataemilesening 1800 fe 1600 TdeunIannia — uansgUAmdeudniad
andunuesly uagdhadunuesuduniadisiaugiunau (sexagesimal)
finneenuudnduAUssnamesniideswosdos wiudss U
wefisy (YBC 7289, Wikipedia) ukudus fitnuseiaamansdanguldlnade
"FunTUAaUda" (procedure texts) Tlnandntiu: funneduneuialudmsy
wAlandiadu — AauiiisnSoninaunsidaes szuvaunisaessionls
Usnasmsyanass — Ldumdedosui ldlvdognsiuaniiuglig Tae
savlundazlangvinmddunmusenau laflddanss (MacTutor,

Babylonian mathematics)

The distinction between the Egyptian and Babylonian habits is subtle but
important for this book's argument. Egyptian texts, the Rhind papyrus
included, read overwhelmingly as worked examples: solve this bread
problem, then that one, each new problem a fresh occasion to apply a family
of techniques the student is expected to notice by pattern-matching across
dozens of cases. Babylonian procedure texts more often state the general
steps first — "take this, do that, then this" — with a single concrete numer-
ical case appended to show the abstract instructions actually run. The dif-
ference is the difference between a cookbook that only ever shows finished
dishes and one that occasionally pauses to write down the technique of
braising, once, so it can be pointed to instead of re-demonstrated every
time. Both traditions "wrote the route," but the Babylonian tablets took one
step further toward writing the route in a form abstracted from the partic-
ular number that happened to prompt it — a step toward what a modern
reader would recognize as an algorithm, a word that would not exist for an-
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other two and a half thousand years, when it was coined from the name of
the Persian mathematician al-Khwarizmi (his story belongs to chapter 05).

TH
AMNANsEINlduuesddudtuutlautuazidundau undAyfadotaus
v A 1 g Y aa < 4 . 1 P Y 1 ] V4
YaIniadoLaNll AIUNd8UA $9UN3 Rhind papyrus 81uudlusdageiuilig
g-ll o ¥ dy Y @ Y g.ll ] 1 Y A v
unuvieuue: uilandauntlsdeil warndeuu Tandludusaztenslonaans i
Tdmatiansznanila FgI38UADITULDNB99INNISHIBURUUTINASTUAY
drusundunsuisvesunilaudnuentunsuimiuneu — "e1oudl vireena
WU uA70E19H" — favneAIuNTAMILAYFUSTIUNTAURYINDUARIINIAE
WNsTINUUAULASY AUANTREAMNAITERINENT191A SN LA U
< v [y o a a a YV o 14 = < ildy [y Py
l@sudn Aussivgaaamaiianisifenlidnasauis ineazladnaulungdu
WIUNSANEATIYNASI TidBsaesnen "Tsudunieadld” uiwsuuitlaunng
1U8nAnauils gnsiliswdunislugunaensenaindavianisdeiaudey

Y o
] '
a Y o a

[J L% ¥ 1% & a 1 o P LY a = o
Judunn lidew — Amilsgdamgeuaivlniszdladndudanesinu A

szdalaifiogludnansiuiniesy neuaslyaivuaintovesinadinmans
\Woside al-Khwarizmi (1Sevaawiagluuni 05)
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This matters for the thesis of this book because it is the earliest visible
instance of a pattern that recurs at every later stage: a problem's difficulty
shrinks the moment its solution procedure, not merely its solution, becomes
an object that can be inspected, criticized, and improved by someone other
than the person who first found it. A single answer helps one person once.
A written method helps everyone, forever, with every future instance of the
same shape of problem — provided someone bothers to write it down as a
method rather than an anecdote.

TH
& o o 1Y U A =1 A = a <@ 1%
Sesiiddgysedoiauevemtideianil inszdufensalusnganuaaiiulives
wuuwRURznduRglunngIIainenil: AnueInvesdyiviaasiug
Mvuneunsuivesiu ldlduafneu naneiduingiauduuenainghunuau
wsnUBUNIADY 391501 wazUsuuala Aneudaifeitisaunuiiellansfen
Qd‘d‘ I Y 1 L dld a L =
mdeuliveynau nasaly Aunnnsalluewanilzunsufeanu — vawes
L = o ad < 1
filasdnAuanatusadeuiiulilugiueds laldlugrusindaian

Euclid's Machine
1A59499N5V4 Euclid

Around 300 BC, in the newly founded city of Alexandria, a mathematician
about whom almost nothing personal is reliably known — not his birthplace,
not his exact dates, barely even the certainty that "Euclid" refers to one
person rather than a school — assembled thirteen books that would become
the single most reprinted mathematics text in history: the Elements (Mac-
Tutor, Euclid; Euclid's Elements, Wikipedia). What makes the Elements the
hinge of this chapter is not any single theorem inside it — most of the geo-
metry was not new, gathered as it was from generations of earlier Greek
mathematicians whose individual proofs are largely lost. What Euclid did
that nobody had done at this scale before was turn the entire discipline of
geometry into a single, explicit, checkable machine for producing new
truths out of old ones.
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TH

577 300 Uneunsannia Tuiiles Alexandria Alsnads dnadinansauniag
wvlifiFesdmslafildedadoioldias — laisthuin Liddiindnned
wutn unuldfugdaauiuladn "Euclid” nunedspuauiieivionuneaednin —
Usznaunilsdeduanuauduan waziiuaznanaifussadinnansinumion
mnﬁqw’[uﬂssi’amam% Elements (MacTutor, Euclid; Euclid's Elements,
Wikipedia) As#ivils Elements L*flumuﬁ'waauwﬁiﬂﬁmwﬁum%’dﬂﬁwﬁq
Tt — swadndnlnafldlivedngd imsesiusmananthadnmansnin
wanegunounth desunfigativasudazaugneluifeunun A Euclid vih
wazliillasineviluseduiundeu Aswasuivisviadinneunls
Jusessnsiaseuiion idauduaznsiaaeuld dmsunanaiuasiduiosn
11INAIUIIAUAN

The machine has three moving parts, and Euclid states all of them, in order,
at the start of Book I: 23 definitions of the basic terms (point, line, angle...);
five postulates, which are unproved starting assumptions specific to geo-
metry (a straight line can be drawn between any two points; all right angles
are equal to each other; and so on); and five further "common notions," un-
proved assumptions general enough to apply outside geometry entirely
(things equal to the same thing are equal to each other) (Euclid's Elements,
Wikipedia). Everything that follows — all 465 propositions across all thirteen
books — is required to be derivable from only these starting points, using
only two permitted construction tools (an unmarked straightedge and a
compass) and strict logical inference. A proposition is not allowed to
smuggle in a fact that "looks obviously true" from a diagram; it must trace
back, step by step, to the postulates. You can read the opening definitions
today essentially as Euclid wrote them, in the Greek text still preserved and
studied at digital archives such as the Perseus Project (Perseus, Euclid's
Elements, Book I).
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Euclid's Elements, Book 1)

This is the payoff of writing method down taken to its logical extreme.
Ahmes wrote one procedure per problem. Euclid wrote the rules for gener-
ating and checking any procedure whatsoever within an entire field. Once
the axioms and permitted moves are fixed and public, a claim is no longer
"true because a respected geometer says so" — it is true if and only if a spe-
cific, traceable, reproducible chain of construction and inference connects
it back to five postulates and five common notions. Any sufficiently patient
reader, in any century, with no access to Euclid himself, can verify any
proposition in the Elements by re-walking that chain. This is why the book
survived, essentially unchanged in method, as the standard geometry text-
book in the West for well over two thousand years, and why "Euclidean” still
means, to a mathematician, not merely "about flat-plane geometry" but
"built by the axiomatic machine."
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The cost of building such a machine is a certain narrowing. Euclid's tools
are fixed — straightedge and compass, nothing else — which is precisely
why three problems the ancient world cared about (doubling the cube, tri-
secting an arbitrary angle, squaring the circle) resisted solution inside his
system for two thousand years; they are not solvable with those tools, a fact
only proved with nineteenth-century algebra. That narrowing is not a flaw.
It is the design: a method earns the power to guarantee correctness by be-
ing explicit about exactly what it will and will not allow itself to do. Chapter
06 returns to this theme in its harshest form, when the same impulse —
state precisely what is and is not permitted — produces a mathematics of
provable impossibility.
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The Two Archimedeses
Archimedes @a39au

A century after Euclid, on the island of Sicily, Archimedes of Syracuse left
behind two utterly different accounts of how a mathematician actually finds
things — and the gap between them is one of the most instructive in this
book.
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The first account is not by Archimedes at all. It comes from the Roman ar-
chitect and engineer Vitruvius, writing in the preface to Book IX of his
treatise On Architecture sometime in the first century BC — roughly two
hundred years after Archimedes' death (Vitruvius, De Architectura IX,
Perseus). King Hiero of Syracuse, the story goes, commissioned a golden
crown and, suspecting the goldsmith of adulterating it with silver, asked
Archimedes to determine the truth without damaging the crown. Stepping
into a bath and noticing the water rise in proportion to the volume of his
own submerged body, Archimedes supposedly realized he could compare
the crown's volume (via displaced water) against its weight, catching the
fraud — and, in his excitement, ran naked through the streets of Syracuse
shouting "Eureka,' "I have found it." The story is vivid, quotable, and almost
certainly embellished: Vitruvius is our earliest surviving source, writing long
after the fact, and modern commentators have pointed out that the water-
displacement method as described would have been far too imprecise, giv-
en ancient measuring technology, to reliably detect the small amount of
silver a goldsmith might realistically substitute (Scientific American, "Fact or
Fiction?"). Whether or not it happened as told, the story survives because it
captures something people badly want a discovery to feel like: sudden,
embodied, and involuntary — a bath, not a proof.
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The second account is by Archimedes himself, and it describes something
almost the opposite of a flash of bathtub insight: a deliberate, two-stage
discipline for doing mathematics. In a treatise called The Method of Mech-
anical Theorems, addressed as a letter to Eratosthenes — the polymath run-
ning the Library of Alexandria, whose own solution appears in chapter 07 —
Archimedes reveals a technique he had been keeping semi-private. To find
the area or volume of a shape (a parabolic segment, a sphere, a cylinder), he
did not start with rigorous geometric proof. He started by imagining the
shape sliced into infinitely many thin strips, and mentally weighing those
strips against strips of a shape he already understood, balanced on an ima-
ginary lever, using the law of the lever from his own work in mechanics (The
Method of Mechanical Theorems, Wikipedia). This procedure is not rigorous
by Greek geometric standards — it treats an area as if it were literally made
of an infinite stack of one-dimensional lines, a move that would trouble
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mathematicians until the invention of calculus two thousand years later. But
it works: it tells Archimedes, quickly and reliably, what the answer is. Only
afterward did he go back and construct a fully rigorous proof of the same
result using the accepted method of exhaustion, the laborious double-con-
tradiction argument Euclid's tradition required. In his own words to
Eratosthenes, he explains that he is sending the results first, without their
proofs, precisely because finding the proof of a result you already know to
be true is far easier than finding a true result and its proof simultaneously
from nothing.
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That is a completely different confession about method than the bath story
offers, and it is arguably the more radical one: Archimedes is telling us, in
his own hand, that mathematical discovery and mathematical rigor are two
separate activities, performable in either order, and that doing the ugly, un-
rigorous, mechanically-assisted one first is not a shortcut to be ashamed of
— it is a legitimate research strategy. The Method was itself lost for most of
history and known only by title until 1906, when the Danish scholar Johan
Ludvig Heiberg identified it underneath a thirteenth-century Byzantine
prayer book — a palimpsest, a manuscript scraped and reused — now
known as the Archimedes Palimpsest. Large portions remained illegible un-
til a further imaging campaign between 1998 and 2008, using ultraviolet, in-
frared, and X-ray techniques at what is now the Walters Art Museum in Bal-
timore, recovered text hidden under mold damage and even forged mediev-
al paintings added by a twentieth-century forger trying to increase the
manuscript's resale value (Archimedes Palimpsest project). We are, in other
words, still recovering Archimedes' record of his own method eighteen cen-
turies after Vitruvius wrote down the more entertaining but less
trustworthy story about his bath.
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Ibn al-Haytham's Room
#2994 lbn al-Haytham

A thousand years after Archimedes, in Cairo, a scholar named Abu Ali al-
Hasan ibn al-Haytham — known in Latin translation as Alhazen — was, by
most accounts, confined to his own house for roughly a decade, from
around 1011 to 1021. The reason given by several historians is almost too
neat: he had rashly told the volatile Fatimid caliph al-Hakim that he could
regulate the annual flooding of the Nile with a dam, was sent to survey the
site near modern Aswan, and concluded on arrival that the project was im-
possible with the era's engineering. Fearing execution for the failure — al-
Hakim's court had a documented record of brutal punishment for far smal-
ler offenses — Ibn al-Haytham is said to have feigned madness to be spared,
and was instead placed under house arrest until the caliph's death in 1021, at
which point he was released as no longer legally responsible for a promise
made while "insane" (Physics World, "The Scholar and the Caliph" — note
that this source itself flags the account as reconstructed from incomplete
records, calling it merely "likely"). What is much better attested is what he
did with those ten years: he wrote a seven-volume treatise, the Kitab al-
Manazir, known in the West as the Book of Optics (UNESCO Courier; Book
of Optics, Wikipedia).
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The Book of Optics addressed a question the ancient Greeks had never
settled: does the eye see by sending rays out toward objects (the "extramis-
sion" theory associated with Euclid's own optical writings), or by receiving
light that travels from objects into the eye ("intromission")? Ibn al-Haytham
did not simply argue for intromission — he built physical devices to test it,
describing his apparatus and procedures in enough concrete, reproducible
detail that a reader with no access to him could set up the same experi-
ment. His most famous device, a forerunner of the pinhole camera, used a
small aperture in a screen between a set of candles and a viewing wall: light
from each candle, he showed, cast a single, distinct, invertible spot on the
far wall, corresponding to a straight line from that candle through the hole
— evidence that light was moving from the object toward the observer
along definite straight paths, not the reverse (UNESCO Courier; Book of
Optics, Wikipedia).
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This deserves the same caution this book applies elsewhere: calling Ibn al-
Haytham the sole "father of the scientific method," a label popular accounts
attach to him often, overstates a more gradual, distributed history that in-
cludes earlier Greek and later European experimentalists, and some histori-
ans of science push back hard on the tidier version (The Renaissance Math-
ematicus, "Ibn al-Haytham did not invent the Scientific Method"). What is
not in dispute is narrower and, for this book's purposes, more important:
the Book of Optics is a written record of an experimental procedure — ap-
paratus, setup, prediction, result — precise enough that others who had
never met its author could pick it up and re-run it. Translated into Latin
around 1200 as De Aspectibus, it shaped the optics of Roger Bacon, Witelo,
and eventually Kepler, centuries after its author's death — outliving him by
exactly the mechanism this chapter keeps returning to: he wrote the route
down clearly enough that it needed no further help from him to keep work-
ing.
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Descartes' Unfinished Machine
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By the early seventeenth century, a French soldier-turned-philosopher
named René Descartes had noticed the same thing this chapter has been
arguing and decided to attack it head-on: if geometry could be turned into
a machine (Euclid) and if a scholar under house arrest could turn optics into
a reproducible experimental procedure (Ibn al-Haytham), why should there
not be one single method, stated once, that would work for discovering truth
in any field at all — physics, medicine, ethics, mathematics alike?
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Descartes made two attempts at writing this universal method down. The
first, composed around 1628 and left unfinished, was the Regulae ad Direc-
tionem Ingenii — Rules for the Direction of the Mind. It was not published in
his lifetime; the earliest edition appeared only in 1701, more than fifty years
after his death (Rules for the Direction of the Mind, Wikipedia). In its fourth
rule, Descartes names explicitly what he is chasing: a mathesis universalis, a
"universal mathematics," which he describes as "a general science which ex-
plains all that can be sought concerning order and measure, restricted to no
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special subject matter" (Mathesis universalis, Wikipedia; MacTutor,
Descartes). That is an extraordinary ambition stated plainly: not a better
way to do geometry, but the master method underneath geometry, algebra,
and every other exact science — the pattern Euclid had built for one
subject, generalized to all subjects at once.

TH

Descartes asiloifuuAgannaiiasanss afansnsd 1628 uazdndliliau fe
Regulae ad Directionem Ingenii — ngdmsurinulayayn dulalafnunneu
wgsed atunuriitgaeenulul 1701 Ad1vindutndawinig (Rules for the
Direction of the Mind, Wikipedia) lungdaiid Descartes i3onfloaiiiunlaan
29NUININE): mathesis universalis 139 "AARAEANTAING" STI!GLﬂJ'IUiiEJ’IEJ'j'ILi:Ju
"eanilufiesuteyndsiidudulfifeafuddunaznisia Taglisinegiu
Lﬁammwwﬁaﬂﬂ" (Mathesis universalis, Wikipedia; MacTutor, Descartes)
thufeanunzwenzeummemaiinaeenulieg: lilvasviusumadaiiani
il uifedsusiundisesegldisuadin Muadin uaginemansusdugidunn
WYLe — WuuLHUd Euclid ad1dlidmsuiniien vesluaqunnivwieutiu

The Regulae stops abruptly, unfinished, partway through its planned three
parts. Descartes' second and more famous attempt, nine years later, is more
modest in scope but far more influential in form: the 1637 Discourse on the
Method, written in French rather than the scholarly Latin, framed as some-
thing closer to autobiography than treatise. Descartes narrates his own dis-
satisfaction with everything he had been taught and distills his working
method into four rules: accept nothing as true unless it presents itself so
clearly and distinctly that there is no occasion to doubt it; divide every
difficulty into as many parts as necessary to resolve it; conduct one's
thoughts in order, beginning with the simplest objects and ascending by
degrees to the more complex; and, throughout, make enumerations so
complete, and reviews so general, that nothing is omitted (Discourse on the
Method, Wikipedia).
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TH

Regulae nganansd daids idululfudunsdrnvesauniaiinisls anu
weuASaTiaeduas Descartes Wi Tlivds deand fvauivadeuniusinss
dmawaninunluiBeguuuu: Discourse on the Method U 1637 Wemduntwn
HEaauuNTeIaziuyeneivinig 1anseulilndsndiuseiRunndidin
Descartes tannulinalavesiessionnogeiiineidoun wdnduisvieu
vosaundengdde: egr¥uddainede uudiusmngdauasuduudeoulas
dadlifasds wsnnuenynsussnidudwgesTiunwihiisuiuagadiuld

1
I‘QI S v £74

ihauAnlUmuEIdU suningnitengauaildvduiiavtugasndudounia
UAZAABANINUU LA9T1EATSIRAsUA LAz UMY linI e lities]s
mniau (Discourse on the Method, Wikipedia)

Appended to the Discourse as one of three scientific essays illustrating the
method in action was La Géométrie, in which Descartes showed how to at-
tach a pair of numbers to every point in a plane and rewrite every
geometric curve as an algebraic equation (La Géométrie, Britannica). That
single technical result — coordinates — turns out to be so consequential for
the argument of this book that it earns its own extended treatment in
chapter 02, as the master case of changing a problem's representation
rather than merely following a fixed procedure within one. For now, notice
only the shape of the ambition that produced it: Descartes wanted a meth-
od that would make discovery itself mechanical, the way Euclid had made
geometric proof mechanical. He never finished building it — the mathesis
universalis remains, by his own account, a program rather than a completed
system, and philosophers still argue about how much of it he actually be-
lieved was achievable. But the dream he left behind — that solving, in gener-
al, might be systematized rather than merely practiced — is the ambition
every later chapter of this book, in its own century's vocabulary, keeps
trying to make good on.

TH

maving Discourse TugugnildluauunAuINeIAIansNLanaIsnouinmu

K%

a = , , . .:! ada 4 ¥
94 AD La Géométrie 44 Descartes LLﬁm'JﬁmﬂﬂmLa‘ﬂwnﬂqmuuﬁzu’m BHan

Y
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Wewdulausuadanndulniliiluaunisiadn (La Géométrie,
Britannica) WaawsLBamAliaguLigIUl — Aia — d1AyReslaUBYIRlIED

X LY v X A [ Y P = 1
wutunnausiulanunveneduvesiaesluuni 02 Tuguznsaludiunvesnis
wWasuguwuun1sunudayin (representation) WNUNALUARUAINTUANDUIT
aafagn1elunsauin neUllHEINALAFUNSIVEIAIUNZIL BN ETUTINGR
o X yasa o 4 [ % &, & = o
31uAULN: Descartes apnlaisnivinlinisaunutealusesnaln uuuiReaiun
Euclid vinliuniigaiisuiadaduionaln wiadaiulidiasa — mathesis
universalis §aaaduunuau ldlyssuuiiauysal mufvesviies uaziin
Uswayrdudeeiuaginundiosas ualuwinduvidnsald usanuiluiiuiis
1 — Imsuntymlaeimlionavinlindussuula ldlduainyinen — Aeaau
newanzeuinnundanivewtsdeauiingreuvinlniluase aedn
YDIANITTYVOIAILDY
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Method Becomes an Object
ISnaneliuing

Step back from the four thousand years this chapter has covered and one
pattern holds across Egypt, Babylon, Alexandria, Cairo, and Descartes'
stove-heated room in Germany where he claims to have had his founding
insight: in every case, someone took a way of solving problems that had
previously lived only inside a single skilled person's head — a scribe's trick, a
geometer's construction, a natural philosopher's experimental setup, a
philosopher's private rules of thought — and wrote it down as an object
separate from any particular problem it had been used to solve.

TH

navoanINARLITUniinseuRAqu uiesuluULHUWsBusgRaen Ty
58Us urdlau Alexandria, Cairo wagtiasiidimnfisluleasuiids Descartes 814
Fnvninnisudaiiu (insight) dedutuiidu: nnnsd Tlasdnaunduizud
Hoymiineumiiuegusluimesnudsauifion — iivesardnwal nsai
astinsvIadn MsIn1TnaosestinuSya s TSR nganuAndIus
vasinuivan — wdndsusiuadllugusigivenanidymdeladendediii
wnelgua

That act of writing is not mere record-keeping. It is the first and most fun-
damental kind of compression this book will describe. A method that lives
only in one mind can only be applied by that mind, to problems that mind
happens to encounter, using whatever the mind happens to remember cor-
rectly on a given day. A method that has been written down — named, with
its steps made explicit, its assumptions stated, its scope of application at
least implicitly bounded — becomes something that other people can in-
spect, test against new cases, criticize, and improve, without needing to re-
construct it from scratch or consult its inventor. Ahmes' false position,
Euclid's postulates, Archimedes' lever-balancing heuristic, Ibn al-Haytham's
pinhole apparatus, and Descartes' four rules are five different answers to
the same underlying design question — how do we solve this class of
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problem, in general? — and every one of them survives, in some form, into
the mathematics and science practiced today.

TH

= 4 1 1 < U =2 v A v . a
nssululilyuanisiiutuiin dufen1siuda (compression) vliausnan

g dl dl v A 1 g = Qdd‘ 1 U = ¥ 1 L
wazugIunganuilsdeiauilazusseneia Ienegudluinuderlglaudiuin
wu Audgyminimtuiadyee agdsimuuiadydlagndeduiuiu d1uis
MAgualiuan — e duunsunnneenuntn ddoauuRnuadli dvsuiwnnis
THnuiieddesnimualileety — naneluvesinududeosy nageuiunsdl
Tuai 391301 wazUSuusald lnelidesusenauduvulmiannaudnseluniug
AnAU false position YB3 Ahmes, VR84 Euclid, 351aN98133uan (heuristic)

4 % o Y . L4 <
MUUBIUIAUNUUATUIAYDY Archimedes, gUnsaigianvel Ibn al-Haytham
wazngAUavsd Descartes ABANNDUNILUUABAINIUNITOBNLUUTBLALITUN
agt4ld — iuAdaymauillaeiiliegnsls — wazynAneudusgsenuily
sUlagunils udemdinaansuazInenmansivindusgnniuil

This groundwork makes the rest of this book possible. You cannot deliber-
ately change the space a problem lives in — the master move this book
spends its remaining chapters tracking — until you have noticed that the
space has a shape worth examining, distinct from any one instance sitting
inside it. Writing the route down, rather than just reaching the answer, is
what first makes that shape visible.

TH
& Sy & dogwy A A = A Y o o
NuNuguyalifedsvinliduvdsvewmtideauilidululs dadaasu
R o <% o M My . . A wa
WuUeyi (problem space) Naynnilsondvadlaila — vivudunnuideay
Uldunfidenamualaniu — aundresdunaiudensuiiuiuuiisunsd
AISATLANTINTITY wenaenaInnsallansalntlaniseddnaluy nsWeudunig
14 a ' = o A a A o 4 & 3 1%
adld ununazualutsdinay Asdwsnivinligunsaluusaiiula
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The Move
N1Usea1Uun

Move 01 — Turn the method into an object.

TH

Move 01 — wWasu3sliluing

Write the route, not just the answer. When you solve something, the
number or outcome is often the least valuable thing you produced. The
sequence of moves that got you there — stated plainly enough that
someone else could follow it without you in the room — is the reusable
asset.

Name it so it can be improved by someone who isn't you. A technique
without a name lives and dies with its inventor's memory. A named, writ-

ten procedure — "false position," "the axiomatic method," "the four rules"
— becomes a target other people can criticize, test, and sharpen.

Separate finding from proving. Archimedes' letter to Eratosthenes is ex-
plicit permission, twenty-two centuries old, to solve a problem by
whatever ugly, mechanical, half-rigorous means gets you the right answer
fastest — and only afterward go back and build the clean argument. Chas-
ing rigor and certainty simultaneously, from a blank page, is usually the
slower path to both.

State your starting assumptions before you build on them. Euclid's pos-
tulates and Descartes' four rules both do this: they say, explicitly and in
advance, what is being taken for granted, so that everything constructed
afterward can be checked against a fixed, visible foundation rather than
an unspoken intuition.
TH
- Wowdune lilduddmau naufozlsld davdonadnsiniduvesiid
Atiosfigaluussandsiindnoonin drduvindinilufsmsatiusnonn — wag
Tianeiinuduaziiunulalaylidesfiiisegluios — AeRuniwdilddn

12}
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- Aeda s wina iaun lulddadausudsadiuls welianlidivefiauagane

lunSaunnunsedvesdfnaiu Tunauisndvewazideuli — "false

] !
al

position” "A513sdanail" "ngdte” — naneduiifiautudersel nadeu uaz
aulviaula

* LIANTSUIDINAINATSNGN IANNIBVD Archimedes §9 Eratosthenes Aip
Tueyaadag engiauassanissy Tiufdaguideisunnaea nalndi s
insann arlsildiinluisineufignidaiian — uddesdounduluasiede
Wudsitazaniings msladranunsindatuannuudlalunfoutuanuii
nszaelan sduduneiithnindmiuniaesedis

- uasdoanNRReRuRouszaivezlsuadly Fofe Euclid fungddoves
Descartes viuwuuiiiag: suvenlidauazuenlidramirinddsdess s dui
¢ negnsfiasneemivimsenduluiignusiniinTauinaguoadiule 1
Teidysnnyndlineynoenin

Next — Chapter 02 - The Reframe: a bridge-crossing puzzle so trivial Euler
almost didn't bother, a schoolboy's shortcut whose true story is stranger than
its legend, and a high jumper who solved "jump higher" by refusing to face the
bar. Once method is an object, the next move is to change the space that object
operates in.

TH

fald — uni 02 - N1sAaLUNTaU: USAUITuaENIUNINSEaanau Euler 1Nau

luaula nsdavaadnidniSuunisesasaiianniidiuiuvesiu wazinnszlan
al' 4 n % é( " % 1 LY v % ad & [

genuilang "nszlanligadu” drensliseuiunindrmaiu wedsiduing

] [%
A v (% o

a2 vindaluAslasuNuNIngUuinuey
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CHAPTER 02

The Reframe

a
Astdagunsau

Konigsberg, 1735
Konigsberg U 1735

The East Prussian city of Konigsberg sat astride the river Pregel, split by the
water into four pieces of land — two riverbanks and two islands — connec-
ted to one another by seven bridges. Sunday strollers there had, for some
time, amused themselves with a standing challenge: could a person walk a
route through the city that crossed every one of the seven bridges exactly
once, and no bridge twice? Nobody had managed it. Nobody had proved it
was impossible either. It was, by every reasonable measure, a trivial puzzle
— the kind of thing argued over on an afternoon walk, not brought before
an Academy of Sciences.

TH

\ila4 Konigsberg wiUdadony Susenaansounsivh Pregel thuesniiesasn

Duiiududiu — edsaeslsiuineasanie — Geudeiudvazniuia

agn1u AuAuuiuefindfituayniulandvifidnsegudninuda: axillas

1
a }74 =<

Wudummimezailies lneduasniuasunadadsniy dzniuazasaned Ll

grdnazwiu laluu lifilasvinle wazlifilaswgauldidudululildumiioudu

14 3

Tashenannauunaunasuluuiau dufeUsauinszaen — vesiifiueiy
sennafuaunauune laldvesienluanssentin Academy of Sciences

It reached Leonhard Euler anyway, relayed through a chain of acquaint-
ances: Heinrich Kiihn, a mathematics professor in Danzig, mentioned it to
Carl Leonhard Gottlieb Ehler, the city's mayor and an amateur enthusiast,
who wrote to Euler in St. Petersburg asking for a solution "worthy of your
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great genius." Euler's first reaction, preserved in a letter he wrote on March
13, 1736 to Giovanni Marinoni, an Italian astronomer at the Viennese court,
is almost dismissive: "This question is so banal, but seemed to me worthy of
attention in that neither geometry, nor algebra, nor even the art of counting
was sufficient to solve it"" He goes on to wonder, half to himself, whether
the puzzle belongs to a discipline the philosopher Gottfried Leibniz had
once called for but never built — a geometria situs, a "geometry of position,'
concerned with arrangement rather than measurement (Sachs, Stiebitz &
Wilson, "An Historical Note: Euler's Konigsberg Letters," Journal of Graph
Theory, 1988).

TH

wasiunlUiis Leonhard Euler auldl desianuunaiuaneausdn: Heinrich Kihn
ANANT191SEABINANERST] Danzig 1881304iiU Carl Leonhard Gottlieb Ehler
wenmALuasvaLiswkavinadaransadasiay Jisuannuiglun Euler
i st. Petersburg tovafnaUf] "@:msﬁ’ué'am%ﬂmwé’u?jﬂmyj%awhu"
URRTEusnves Euler TuAul3Tuannuneasiud 13 funaw 1736 & Giovanni
Marinoni tinansenansdmalusisdindsun unvasidunsiadia: "dranu
danuiumdeiiu uiazgmsunauaulaey assiivasuadin vaiyadie
wisuduadaUzuvianistu nliwevssuAsiuld” wdsunslunariagudniu
Fiesisaunifazegluimittinuda Gottfried Leibniz laiSundasliiug
laitneadratunmioian — geometria situs ¥ie "lsvAdnYBIAILE" i
aulan159m21981nNI1A153A (Sachs, Stiebitz & Wilson, "An Historical Note:
Euler's Konigsberg Letters," Journal of Graph Theory, 1988)

Three weeks later, replying directly to Ehler, Euler is blunter still — and
reveals, in the same breath, exactly how little he thinks of the kind of solu-
tion he is about to hand over: "Thus you see, most noble Sir, how this type
of solution bears little relationship to mathematics, and I do not understand
why you expect a mathematician to produce it, rather than anyone else, for
the solution is based on reason alone, and its discovery does not depend on
any mathematical principle" (Sachs, Stiebitz & Wilson, 1988). Read that care-
fully. The man who is, at this exact moment, inventing what would become
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graph theory is telling a mayor, in writing, that what he has just done barely
counts as mathematics. He is wrong — spectacularly, historically wrong —
and the way he is wrong is the entire subject of this chapter.

™
awduavisewn ioneu Ehler Tnsmss Euler ywansandniudn — uazinelu
aumeladeatuinanlimdneuiinndasiulidesudln: viugouiiuud
viudasdnd dneuriadunuliiedesiuadaaaniiag wazdmdall
dladinmglavinuBsaanislitinadinmansiluduiniueenu unuiiesidu
Tashle inseAnouiifeoguumanadoug uaznisdunuiulailétuegiu
wdnnsneadinenansaalaiae” (Sachs, Stiebitz & Wilson, 1988) 81un5iile
& w1eBe a Sunities Adsdndudsiiasnaridunquinsm frdsuenunen
wanussauniaduaednuaidnerindsdivuiahbduumuivduadamans
il lwnAnfin — AnogaulvisuazAnludesziiamans — uagisiinin
thuuagdeiforiimuavesunil

Here is what Euler actually did, presented to the St. Petersburg Academy on
August 26, 1735 and published the following year as Solutio problematis ad
geometriam situs pertinentis ("The solution of a problem relating to the
geometry of position") (MAA Convergence; Seven Bridges of Konigsberg,
Wikipedia). He noticed that the exact streets a walker takes within a land-
mass, the exact spot on a bridge where a foot lands, the width of the river,
the layout of the buildings — all of it is irrelevant to the question being
asked. The only fact that matters is which landmasses each bridge connects.
So he threw the city away. In its place he drew four points, one for each
landmass, and seven lines connecting them, one for each bridge — the first
drawing in history of what we would now instantly recognize as a graph.
Every possible walking route through Koénigsberg's actual, cobblestoned,
physically detailed streets became, in this new picture, nothing more than a
sequence of dots visited by following lines.

TH
1A0&N Euler 119549 L@uas St. Petersburg Academy 1ilaiui 26 dsAu
1735 wagAnunvaaunluide Solutio problematis ad geometriam situs
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pertinentis ("Fneuvastlymiiiierfuisuadnuosiiumie) (MAA
Convergence; Seven Bridges of Konigsberg, Wikipedia) lw1ddtnnanauuiéu
Tnuiinududonidunielufiuiunils ealvuuuagwiuiiviumdisuas A
n¥1evesuith Hsvedanans — fly’mmﬁvlajL?'\Imﬁuﬁﬂmmﬁmuagjtas
Forfnsadeiiiinnuninefeasnuudazaswudeutufuluusuiivau
Ty inFslewiiesiis udngadaunuil gragnilsiuau fududaduden
Qaumanu duasuilaznu — nmausnludssfRcanivesdeitiuilisns,
gvuiidndunsi Tunwlid nadumadui dulfiueuuyiueseg
994 Kénigsberg ifis1eaziduanisnieninasudau nanelduiead1AUYD99n
fnrsBoudenisfumuniy

Once the city has been stripped down to four dots and seven lines, the
puzzle nearly solves itself. Consider any landmass that is not the start or
end of the walk. Every time the walker arrives at it over one bridge, they
must leave over a different one — arrivals and departures pair up, bridge by
bridge. That means any landmass visited only in passing must have an even
number of bridges touching it: each visit uses up exactly two, one in and
one out. Count the bridges touching each of Konigsberg's four landmasses
in the real map, and every single one comes out odd — three, three, three,
and five. A walk that starts and ends at different points can tolerate exactly
two landmasses with an odd count (the start and the end); Konigsberg has
four. No route exists, full stop, for any walker, using any order of streets
whatsoever — and Euler's argument proves it in roughly the space of two
sentences, with no need to try a single one of the geographically enormous
number of possible walking routes through the actual city.

TH

wenaniiosaandedyatuidadu Uiaunfunuudies assiansaniuduled
mu'ﬁ”lﬁlﬁziqﬂL?ﬁw'%aa;musumﬂ'mau ‘vgnﬂ%&ﬁﬂuLaumﬁaﬁuﬁfmaquwﬁa
widaseenlufeBnasnunils — mandstunisanludugiu azwiuste
gy wlahiufufivagiiuaen fosdasnuunzegidusiuaug insizans
wizusazassiuaznuluaesasuned Wnilseannis tuagniuiiungiiu
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a & Aa e . A a 14 = 13 o a
AUNIARUVBI Konigsberg UNELTIAZ uamniAuoanuUuiuIuAnum —
A1 @13 @ waziin nsiunisukaraUAUazYaeaulRdHuAuTTUlATuILA

2] A a a o . NV A v 1 a 1
lauAaaiuned (IAL3uAugAaU) Konigsberg 1d laifivdunislvuegase au lu
1 a 13 [ a 1 < v L4 a L4
Teawsudulas lidezisesauuegalsiniu — uazdeliudves Euler Wgail
siulaluiiensnassdszlua Inglidesassdniduniafernindiuiudunis

a 44 P a 44 a
wundulUlasuumeanieglimansluiionss

Notice what happened to the size of the problem. Before the reframe, "does
a walk exist?" is a question about an intractably large space of possible
paths through real streets, checkable only by trying route after route and
hoping to either find one or run out of patience. After the reframe, it is a
question about four small integers and whether they are even or odd —
checkable, quite literally, on one hand. Nothing about the city changed.
What changed was which of the city's features Euler agreed to see as part of
the problem, and which he agreed to throw away as noise. That act of se-
lective forgetting is not sloppiness. It is a proof, embedded in the argument
itself, that the discarded detail could not possibly have affected the answer
— which is exactly why the resulting two-line argument is not a cheat but a
genuine solution, arguably a more complete one than exhaustively checking
every route ever could be, since checking finitely many routes never rules
out one you didn't think to try, while Euler's parity argument rules out all of
them at once, forever, by construction.

TH
dunninineglstunusuinvestym neunisiasunseu (reframe) "
dumaiveglvu” Aedanuigriuiuivesdumaiilululadsdvejou
151l asralan1aferfeasadunialiduniaan hadnieinagaedn
d@unselufvuamnuaanuluneau ndulasunsau sufsAiaufgIfUI LI
[ [ dl ) Y [ (! dl 4 =l = a LYY} 1
Wadng 9w diudugusen — asralduuiionisdases) anusiones Ll
azlsTwdleaulasuluiay AanUasuAs Euler sauiuanvae lnuvsailaudu
diunilavaslayin wazeauleuanvazlnuidlugiuzdyginsuniu msiden
=l 5 1 o 1 o A a o‘d' 174 L4 L4 U =
auwuunulilyanudnie siuheuniigainisegludeldudaes inseazidun
nnslutuliinnensenuaneuls — wazliueshomananve lAugIaoIUTIIN
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What a Representation Actually Is
sUnuunisunudanaseslsiuu

Chapter 00 introduced the idea, borrowed from Allen Newell and Herbert
Simon's 1972 formalization of problem spaces, that any problem can be de-
scribed by a set of states, a set of legal moves between states, a starting
state, and a goal. What Euler's bridges make vivid is that this description is
never handed to you by the world. Someone — often you, often uncon-
sciously — has to decide what counts as a "state" and what counts as a
"move," and that decision is where nearly all of a problem's real difficulty
actually lives.

TH
undi 00 u,uaﬁiﬂLLu'J?wmﬁﬁummnmiﬁﬂﬁﬁuﬁﬂzym (problem space) 1ugu
Weues Allen Newell ffu Herbert Simon Tudl 1972 Intaymlanasunelame
\RUBIANTUE (state) imuasvinTignniin@ewnainaniugnilsluBnanuenils
aonuzsagu wazidlmane Aefidzniuves Euler vinlifiudnaelanlsimedud
osuiiliisn desillasdnau — vesaddedisies vesadalnglaids —

gaauIezlsudulu "anug” wazezlstiuldu "in" wazn1sandunsaiuuas
ATBLYBIANLINDFIE) LNBUNINNATRIUyYM

A representation, in this technical sense, is a choice about three things:
which differences between situations you will bother to track as different
states; which transformations between states you will permit yourself to call
legal moves; and what you will count as the goal — the target configuration
that ends the search. Before Euler, the implicit representation of the bridge
puzzle distinguished states by exact physical location: which specific street,
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which specific bridge underfoot, facing which direction. Under that repres-
entation the problem space is enormous, because two routes that differ
only in some irrelevant meandering through a courtyard count as different
states requiring separate consideration. Euler's representation instead
distinguished states only by which bridges remain uncrossed and which
landmass the walker currently occupies — a description that treats every
meandering path within a single landmass as the same state, because for
the question being asked, they are the same. He did not simplify the prob-
lem by ignoring difficulty. He simplified it by proving, correctly, that a huge
amount of what looked like difficulty was never actually relevant to the an-
swer.

TH
suuvunsunuilym (representation) luarmanemanaiiail fon1siden
ameee: azvaudanuanudedulrussninsanunisallugiuganiusdisng
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wusenlUluauiuegalifiteddny fudunuazaausiidesiansanuen
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This is the discipline that separates a good reframe from mere hand-wav-
ing, and it is worth stating plainly because it will recur, in different clothes,
in every chapter that follows. Throwing away information you shouldn't
throw away does not shrink a problem — it breaks it, producing a confident
wrong answer or no answer at all. Keeping information you don't need does
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not make a solution more careful — it just keeps the search space need-
lessly large. The right representation is the one that keeps exactly the dis-
tinctions the goal actually depends on, and collapses every distinction that
doesn't change the answer into a single state. Finding that boundary — what
to keep, what to discard — is not a mechanical step you can outsource to a
procedure the way Ahmes' scribes outsourced arithmetic to false position.
It is closer to a judgment call, made correctly by Euler here and, as chapters
to come will show, made incorrectly by very smart people a great many
times before someone else found the right cut.
TH
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The Schoolroom That Keeps Changing Shape
Mmtsuumﬂaﬂusﬂmaamsaﬂ

Carl Friedrich Gauss is supposed to have performed the same kind of move,
at a vastly smaller scale, as a schoolboy in Braunschweig sometime in the
1780s. A teacher — bored, or wanting quiet, depending on which telling you
read — set the class the tedious busywork of adding up every whole number
from 1 to 100. Young Gauss, the story goes, produced the correct answer,
5,050, almost instantly, while his classmates were still laboriously carrying
sums. His method, as usually told: pair the numbers from opposite ends of
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the list — 1 with 100, 2 with 99, 3 with 98 — and notice that every pair sums
to the same value, 101. There are fifty such pairs. Fifty times 101 is 5,050.
What began as one hundred sequential additions collapses into a single
multiplication.
TH
Carl Friedrich Gauss id@fudninisdiaigaiuiiluanaianniiunn aeudu
< v A a . 1 1 =) = &
WwntinIFeunN Braunschweig Ya9latianilalunessy 1780 AzAunils — 1Ue
wsoeInlanUREY wauiIsud Ul — dugndnunlelinetu
o @ o 7 1 = & 1 v v ¥ o A
UINTIIUAUNNTIUIUAILG 1 83 100 150918191 Gauss frjaelirAnaud
QnAB4 5,050 DANUIUNUITTIUN YausTINOUTINTUTIMALaYiUDE19EIN
a1u1n FBvaaImuiEIiumluae JugdnuiuainUaiensaesinawes
518115 — 1 iU 100, 2 AU 99, 3 fiu 98 — udrdunnImnguIniulaafeaiu
A9 101 Hguuutiuidug vindugas 101 windu 5,050 Asnisuaulugiuenis
UINITPINUNTITOUATI HUAINADNITAMATIAE?

That is a genuine and useful reframe, worth walking through carefully be-
cause it is structurally identical to Euler's, at a much smaller scale. The
naive representation of "sum the numbers 1 to 100" treats the problem as a
sequence: a running total, updated by one small addition at a time, a hun-
dred steps from start to finish — a long, thin, unavoidably serial problem
space. Gauss's representation instead treats the same hundred numbers as
fifty unordered pairs, exploiting the fact that addition does not care what
order its inputs arrive in. Reorganizing the numbers around their pair-
sums, rather than around their sequence, throws away information (which
number came "first") that the goal — the total — never needed in the first
place, and replaces a hundred-step walk with a single leap.

TH
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But — and this is where the chapter's stated house rule about disputed an-
ecdotes has to be honored rather than smoothed over — there is real reason
to doubt that this specific, vivid version of the story is an accurate record of
an actual 1780s classroom. The science writer Brian Hayes went looking for
the story's origin for a 2006 American Scientist column, "Gauss's Day of
Reckoning," and traced its earliest known appearance to an 1856 memorial
biography of Gauss written after his death by Wolfgang Sartorius von Wal-
tershausen — more than seventy years after the event it describes, based on
Sartorius's personal recollections of conversations with an elderly Gauss,
not on any contemporary record from the schoolroom itself. Hayes then
tracked the story through dozens of later retellings and found the details
drifting from version to version: the exact numbers being summed change,
the teacher's name and motive change, and the method Gauss is credited
with using is not always the pairing trick — some versions have him using a
different, though related, arithmetic shortcut entirely (Hayes, "Gauss's Day
of Reckoning," American Scientist, 2006). The honest conclusion is not "the
story is false" — something like it plausibly happened, and Gauss undeniably
possessed exactly this kind of number sense from childhood — but that the
crisp, cinematic version most people repeat has been shaped by a hundred
and seventy years of retelling into something cleaner than the historical
record can actually support. As chapter 00 already flagged in passing, the
same caution that applies to Alexander at Gordium applies here: a story can
be pedagogically true and biographically unverifiable at the same time, and
a book about clear thinking should say so rather than pretend otherwise.
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What survives the uncertainty is the mathematics, and the mathematics
does not need the schoolboy to be real to make its point. Whether or not a
nine-year-old actually stunned a Braunschweig classroom in the 1780s, the
pairing trick is a clean, small-scale demonstration of exactly the move this
chapter is about: a problem that looks sequential and slow under one rep-
resentation (running sum, one hundred additions) becomes a single fast op-
eration under another (fifty constant-sum pairs, one multiplication), and
nothing about the underlying arithmetic changed to make that possible —
only the arrangement in which it was viewed.
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Descartes' Bridge
da¥N1UVd4 Descartes

Chapter 01 already introduced René Descartes as a man chasing a universal
method for all discovery. One specific technical result from that chase de-
serves a closer look here, because it may be the single most productive rep-
resentation change in the history of mathematics: the coordinate system he
laid out in the 1637 appendix La Géométrie.

TH
U7 01 wuwii1 René Descartes 1ULLﬁﬂumu%ﬂsﬁVLfiEiﬁ%'mﬂaﬁ'm%’umsﬁu
‘W‘U‘I/Iﬂ‘UL!ﬂ Naa‘wsmwlﬂuﬂ%uwmmﬂm‘s"l,amuuaumﬂmsvmssﬁ,na6] A5
i wsnzsiueneifiunisiuasuy representation miwwawamamammmm’lu
Usedamansadindans: svuuiiafitnnsiluniauuan La Géométrie U
1637

Before Descartes, geometry and algebra were, for most practical purposes,
two separate toolkits addressing two separate kinds of question. Geometry,
in the Euclidean tradition, worked with figures — circles, lines, triangles —
manipulated by physical-feeling constructions with compass and
straightedge, and proved things about them through chains of logical argu-
ment grounded in diagrams. Algebra worked with symbols and equations,
manipulated by symbolic rules, largely detached from any picture. A circle,
geometrically, was "the set of all points a fixed distance from a center" — a
definition you could draw but not easily calculate with. Descartes' innova-
tion was to fix a pair of perpendicular reference lines — what we now call
axes — and describe every point in the plane by its distance along each (La
Géométrie, Britannica). Once every point is a pair of numbers, every curve
through those points becomes an equation relating the numbers, and vice
versa: that same circle is now simply every pair (x, y) satisfying x + y2 = r2.
Finding where two curves intersect — a question that used to require an in-
ventive geometric construction, different for every pair of shapes — be-
comes a single, mechanical act of solving two equations simultaneously, the
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same technique regardless of whether the curves in question are circles,
parabolas, or shapes nobody had ever successfully drawn together before.
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This is a representation change in exactly Euler's sense, just aimed at an
entire discipline rather than one puzzle. The "states" of a geometric prob-
lem — points, curves, intersections — get redescribed as algebraic objects,
and the "operators" — construct this line, bisect that angle — get re-
described as algebraic manipulations: substitute, factor, solve. Problems
that had resisted geometric construction for centuries — including some,
like general angle trisection, that Greek geometers' tools genuinely could
not solve, a fact only provable using this same algebraic machinery two cen-
turies later — suddenly had a common, systematic language in which to be
attacked. Two disciplines that had developed almost independently for two
thousand years were, after one reframe, doing the same arithmetic under-
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neath different vocabularies. Chapters 04 through 06 rely on exactly this
fusion whenever they reach for calculus or linear algebra to solve problems
that started out looking purely geometric or purely combinatorial; none of
that machinery has anywhere to stand without Descartes' coordinates
underneath it.
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The Man Who Turned His Back on the Bar
YruiumaI A

Not every reframe in this book's history comes from a mathematician with a
pen. On the evening of October 20, 1968, in Mexico City's Estadio Olimpico
Universitario, a twenty-one-year-old American named Dick Fosbury won
Olympic gold in the high jump by doing something no serious competitor
had ever done at that level: he went over the bar backward, head and
shoulders first, arching his spine so his back faced the ground below.

TH
lilvynnisilasunseuludseifmansvasnisdaiauinunantinagineans
fuurnn A3l 20 natAu 1968 1 Estadio Olimpico Universitario Tudin@ln
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Fosbury had not started out trying to reinvent his sport. As a high schooler
in Medford, Oregon, following the loss of his younger brother Greg to a
drunk-driving accident, he took up track partly to give himself something to
hold onto, and struggled badly at the high jump using the standard tech-
nique of the era, the "straddle," in which a jumper clears the bar face-down,
rotating one leg over first. Using the straddle, Fosbury routinely failed to
clear even five feet — a height that barely qualified him for competition
(Smithsonian, "The Fosbury Flop"). In the spring of 1963, mid-meet and mid-
failure, he changed his body position instinctively rather than deliberately:
instead of rotating face-down over the bar, he arched backward over it,
landing on his neck and shoulders. It looked, to at least one local newspaper
photo caption the following year, like "a fish flopping in a boat" — and the
name stuck (Smithsonian, "The Fosbury Flop").

TH
Fosbury lilaisuduseanunslaszufiRnvivesdaies nowdutinSeudlsey
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The reframe here is worth stating precisely, because it is easy to describe it
too loosely as simply "trying something new." The straddle technique
accepts a goal implicitly stated as get your whole body, moving forward and
rotating, cleanly past a raised bar — and treats every improvement as a
search within that fixed frame: more speed on the approach, more leg flex-
ibility, a faster rotation. Fosbury's flop instead exploits a genuine fact of
physics that the straddle leaves on the table: a jumper's center of mass does
not have to clear the bar at the same height as the rest of the body. By arch-
ing deeply backward, with the head, arms, and legs all hanging below the
arched spine at the peak of the jump, a flopping jumper's center of mass can
pass underneath the bar even while every part of the body technically
passes over it — meaning a jumper can, in principle, clear a given bar height
with less total energy than a technique whose center of mass has to rise
above the bar directly (Stanford, "The Physics of the Fosbury Flop"). This is
not a change in effort or talent. It is a change in what "clearing the bar" was
allowed to mean — a redefinition of the legal states of the problem that the
straddle's own frame had never questioned.
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Crucially, this reframe was only survivable because something in the envir-
onment had changed first, independent of any high jumper's cleverness.
Traditional high-jump landing pits, through most of the twentieth century,
were shallow beds of sand or wood shavings — fine for a straddle jumper
landing feet or side-first, lethal for someone landing on their head and neck
at speed. It was only the spread of deep foam landing mats through Americ-
an university and high-school track programs during the 1960s — precurs-
ors to the "Port-A-Pit" design later commercialized by the inventor Donald
Wallace Gordon — that made a backward, head-first landing survivable at
all; Fosbury's own high school was among the earlier adopters of such mat-
ting, after his coaches, alarmed at how he was landing, arranged for the
school to receive foam retired from a local university's upgraded pits
(Smithsonian, "The Fosbury Flop"). Change the representation of the jump
without changing the landing surface, and the same idea is simply a fast
way to break your neck. This is a detail worth sitting with: sometimes the
operators available to you — the legal moves your environment permits —
are not fixed facts of nature but recent, contingent, and changeable, and
part of finding a shorter path is asking whether an operator you have been
treating as fixed is actually just a habit someone else could unfix.

65


http://large.stanford.edu/courses/2018/ph240/williams-h2/
http://large.stanford.edu/courses/2018/ph240/williams-h2/
https://invention.si.edu/invention-stories/fosbury-flop-game-changing-technique

THE REFRAME

TH
Ao w A a Y & va '
NdAAe Maldsunseunsilsonunlaniwsizuisegnsludniv

v dl 1 v 1 dl U v
wnasulasulunauuas lngldineafiuamiuaaievesinnszlangenulnuae
NAUAINUVRINITNTEINNFINNUTTTULTU AADANBUNIANITTUNEFU Aouss

1 X a ° v W ' a P vy oA Y

NIWUTVINUAUS — ANedAIUSULNNTELAAYIN straddle N1AIAIBINUT DRI
F167 WADINNYFINSUAUNAIAILTILAZADAITAIIULET NITUNTNANUVDILUIE
Tunun TulASINISNTNIVEIUNIINGIFBLAL 1SS UL S UDIUS AU INAITTY
1960 111U — AUKUUVBLLUIE "Port-A-Pit" NtinUsefwg Donald Wallace
Gordon yunaTun1eunds — Ninlin1sasiuLuuiuBaLeIassennelawas
T5aSpusiseuvas Fosbury tenilunilalunnsuiunzuuutiuunldnaudnasi
PAILAYVD VNN AN UVINNUIAINU 99nN1sIRlsassulasulnun

a o ' =% Yy  a Ao ¥ . . "
wnIne1deuanildlunasiulanainquinduinsauad (Smithsonian, "The
Fosbury Flop") .Uasu representation vasn1snselanlngliiuasunuinas uaa
Toederiununluuaisinaeiiesegnesinii swaziduaiinisiegiv
siudnwn: U199 operator NHALY — vinignniinBsanInwIndouayeIn — L
Tddeinasmeiuesssuvid uiain Jusgiuieuly wazideuld uay
AUNIIVBINITNNAUNINAUNTIABAINIT operator NUJURABIUT U

Y 5 Y Aa [ 1 a n:i n:'d Y A 1
ANYAIUINADATIY L1 HTULAAMUASTUNAUDUA LA LAnTaLUan

Fosbury struggled even after his 1963 breakthrough — his own college
coach at Oregon State initially pushed him back toward the straddle, wor-
ried the flop could not be coached to consistency, and Fosbury nearly lost
his scholarship over inconsistent results before a breakthrough 1968 season
culminating in a Pac-8 title, an NCAA championship, and finally Mexico City,
where he cleared 2.24 meters for Olympic gold and an Olympic record, us-
ing a technique he was still, at the time, the only competitor in the field
employing (World Athletics, "S0 years since the day Dick Fosbury
revolutionised the high jump"). He never jumped higher than that night. He
didn't need to, for the argument this book is making: within four years, at
the 1972 Munich Olympics, 28 of the 40 competitors in the men's high jump
final were using some version of his technique; by 1980, the straddle had
essentially vanished from elite competition (World Athletics; Smithsonian,
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"The Fosbury Flop"). A field of specialists spent decades searching harder
within one representation of "how to jump." One outsider changed the rep-
resentation, once, and the entire field's search space was permanently
reshaped around his answer.
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Why Reframes Feel Like Cheating
virlun1siasunseueidnuliounising

There is a common thread running underneath Euler's letters, the Gauss le-
gend, Descartes' coordinates, and Fosbury's back-first leap, and it is worth
naming directly because it will recur for the rest of this book: a genuine
reframe very often does not feel, to the people watching it or even to the
person performing it, like "real" work in the domain being reframed. Euler
said so explicitly, in writing, about his own solution — it "bears little rela-
tionship to mathematics." Fosbury's own world-record-holding rival, Valery
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Brumel, was quoted at the time calling the flop "an aberration,’ not a tech-
nical advance. A reframe often looks less like mastering a domain's existing
difficulty and more like refusing to engage with it on its own terms — which
is, in a sense, exactly what it is. The difficulty a domain's practitioners have
spent years learning to fight is precisely the difficulty that a good reframe
makes irrelevant, and there is no reason the practitioners who mastered
fighting it should be the first to recognize that the fight was optional.
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This is why the theoretical apparatus matters and is not mere decoration. A
representation is a specific, nameable thing — a choice of states, a choice of
operators, a choice of goal — and asking "what representation am I using
right now, and did I choose it or did I inherit it?" is a concrete, repeatable
question, not a vague call to "think outside the box." Euler's states were
landmasses and bridge-crossings, not streets. Gauss's states were pairs, not
a sequence. Descartes' states were coordinate pairs, not geometric figures.
Fosbury's states were centers of mass, not bodies treated as rigid wholes
facing a fixed direction. In every case, the difficulty of the original problem
turns out to have been at least partly an artifact of an unexamined repres-
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entation — and in every case, once the new representation is stated, the re-
maining work is comparatively short. That gap — vast search before the re-
frame, short walk after it — is the shortest path this book's title promises,
and chapter 03 turns to the deliberate, teachable techniques several tradi-
tions have since built for finding that reframe on purpose, rather than
waiting for a Euler, a Gauss, or a Fosbury to stumble into it.

TH
A a & = a o w 1 1 [y . =
LA nNangaAsoton1angufdfny lalduAuaauseau representation Ao
YoaNlaNzaLazisanTela — nsidendnius n1si@en operator N1sLAeN
e — waznnsaIndn "noullly representation azlsay uazidonduies

o W W o A & Ty 1o % v
wsasunsanu” Aedanunilugusssunazanudila lildansundesasss T
"AAUBNNTOU" @n1uUzved Euler AoRuAuAun1stnuaswiu Tuldauu aatus
w83 Gauss Aag WlYa16U da1ugved Descartes Adnin lilyguisvimdin

A L4 [ d' I 14 [ a

anuzved Fosbury Aegadudnansuia hilysramenusalufeundfousisn
Farulunemeda nnnsa anueinveslymasrunatsiunanassves
representation #1l3itAans9deU adtipuAuWEIL — wazNANsal We
representation Tvisiuaseanuud? uiiwasndulioisuiu Yaeinaiu — Au
MUMIANENDUUALUNTOU LAUAUS 1A92INTU — ABLEUNNAUNGANYD
nilsdolauidynld wazuni 03 agsiuluninaiianaslonazaounula s
nawsssuionadrelusuauunenInsiUasuNTaULLRE AT UNUNILSe
144 Euler, Gauss %38 Fosbury d@nauifuazanidluiae

The Move
N1UsLIIUN

Move 02 — Change the representation until the difficulty dissolves.
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Ask what you are allowed to throw away. Euler discarded every street in
Konigsberg and kept only which bridge touched which landmass. Before
searching harder inside a hard representation, ask which of its details the
goal actually depends on — and prove, don't just assume, that the rest is
safe to discard.

Ask what you are needlessly holding apart. Gauss's pairing trick works
because addition doesn't care about order; the "sequence" was a habit of
representation, not a requirement of the arithmetic. Look for structure
your current framing is hiding by insisting on an arrangement — order,
direction, sequence — the goal never actually required.

Check whether the environment's rules are fixed or just unquestioned.
Fosbury's reframe of the jump was only viable once foam mats replaced
sand pits — an external operator, not a mental one, had to change first.
When a reframe seems physically or practically blocked, ask whether the
blocking constraint is a law of nature or a fixable habit of your environ-
ment.

Expect it to feel illegitimate. Euler called his own breakthrough barely
mathematics. If your reframe doesn't provoke at least a flicker of "that's
not really solving the problem" from someone who knows the domain
well, it may not be cutting deep enough yet.
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Next — Chapter 03 - The Heuristic Age: what happens once solvers stop wait-
ing for a reframe to arrive by accident and start building deliberate, teachable
methods for finding one on purpose.
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CHAPTER 03

The Heuristic Age

gn heuristic

Coutances, June 1880
Coutances {iu1gu 1880

For a fortnight, Henri Poincaré had been failing on purpose. Twenty-six
years old and already restless with talent, he sat at his desk in Caen for an
hour or two each day trying to prove a negative: that a certain kind of func-
tion — later named, in his honor and against his protest, Fuchsian functions
— could not exist. He tried combination after combination. Nothing held.
Then one evening he broke his own routine and drank black coffee before
bed. He could not sleep. "Ideas rose in crowds," he wrote; he could feel them
colliding, pairing off, until they locked into stable combinations. By morning
he had done the opposite of what he set out to do: he had established that a
whole class of these functions did exist, built from the hypergeometric
series. He needed only a few hours to write out the verification (Poincaré,
"Mathematical Creation," 1910).
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(hypergeometric series) lnlgtaanneslaingaluadsunisnsiadeuoonun

(Poincaré, "Mathematical Creation," 1910)

That should have been the strange part of the story. It was not. A few weeks
later, Poincaré left Caen on a geology field trip for the Ecole des Mines, glad
to think about rock strata instead of differential equations. At Coutances
the party changed to a horse-drawn omnibus. "At the moment when I put
my foot on the step," he recalled, the idea arrived, unbidden and complete:
the transformations he had used to define his new functions were identical
to the ones he had encountered, in an entirely different investigation, in
non-Euclidean geometry. He did not check it on the spot — he had a con-
versation to get back to — but he felt, in his own word, a "perfect certainty."
He verified it at leisure once he was home (Poincaré, "Mathematical
Creation," 1910; the fullest secondhand retelling is in Shaw, "Henri Poincaré
as an Investigator," Popular Science Monthly, 1913).
TH
thihsdudiiuaniignveses udlaly lifduavisienn Poincaré oan
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Iwns19deUuRNaUNBLend U stY (Poincaré, "Mathematical Creation,”
1910; mﬂéwiaﬁaamﬁmuﬁqmag:ﬁ Shaw, "Henri Poincaré as an
Investigator," Popular Science Monthly, 1913)

Nothing about mathematics required him to be riding a bus. He had not
been thinking about Fuchsian functions in the previous hour, or so he be-
lieved. And yet the answer to a problem he had spent months on arrived in
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the second it took to lift one foot. Poincar¢ is the first major scientist to
take that fact seriously rather than treat it as a charming anecdote for
after-dinner speeches. If the mind can solve a problem while, by its owner's
own testimony, not working on it, then whatever "solving" is, it is not simply
conscious search performed faster. Something else is going on beneath the
desk, and it was time somebody studied it the way one would study any
other natural process — by collecting cases, naming the stages, and looking
for the pattern that repeats.
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Four Stages, Named
fedalnddunau

That naming job fell to Graham Wallas, a British social psychologist who had
never proved a theorem in his life but had read Poincaré and Hermann von
Helmholtz — another scientist who had left notes on the odd, sourceless ar-
rival of his own good ideas — closely enough to see the shape common to
both. In his 1926 book The Art of Thought, Wallas proposed that creative
problem-solving runs through four distinguishable stages: preparation, in
which the problem is consciously studied and the relevant facts assembled;
incubation, a period — sometimes minutes, sometimes years — in which the
problem is set aside and, apparently, worked on without supervision; illu-
mination, the sudden arrival of the idea, often at a moment (a bus step, a
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half-sleep, a walk) that has nothing to do with the problem's content; and
verification, the deliberate, effortful checking of what illumination handed
over, because illumination is a hunch-generator, not a proof-generator
(Wallas, The Art of Thought, 1926; overview in Wikipedia, "Graham Wallas").
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Notice what this model does and does not claim. It does not say incubation
is magic, and it does not say illumination can be summoned on demand. It
says that the four stages are functionally distinct — that a mind engaged in
incubation is doing something different from a mind engaged in prepara-
tion, even though the thinker experiences the first as "doing nothing." Wal-
las had, in effect, taken Poincaré's private confession and turned it into a
public, testable claim about how any mind solves any hard problem, wheth-
er the problem is a theorem, a poem, or a stuck hinge. It was the first at-
tempt at a science of the solver's own head — not of the problem, but of the
person facing it.
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The claim needed more than two data points, however brilliant those points
were. It got them from a mathematician with a habit even more useful than
genius: Jacques Hadamard kept a filing cabinet's worth of curiosity about
his own mental habits, and when he could not satisfy it alone, he wrote
letters. His 1945 book The Psychology of Invention in the Mathematical Field
is built from decades of his own introspection cross-checked against re-
ports he solicited from working mathematicians and physicists, George
Polya and Albert Einstein among them (Hadamard, An Essay on the Psycho-
logy of Invention in the Mathematical Field, 1945). Hadamard confirmed Wal-
las's four stages independently and added a detail that startled his corres-
pondents when they compared notes: several of them, Einstein included,
reported that their best mathematical thinking did not use words at all. It
arrived as a felt sense of relations between objects — visual, muscular,
almost architectural — which then had to be translated into ordinary lan-
guage and symbols afterward, sometimes with real effort and loss. Prepara-
tion and verification are the parts of discovery that happen in a language
you could dictate to a stenographer. Incubation and illumination, on
Hadamard's evidence, mostly do not.
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This is not the whole story of what this book will call reframing — Wallas
and Hadamard describe a process happening to the solver, not a deliberate
choice the solver makes. But it is the first hard evidence that incubation is
real, that a mind can restructure a problem's representation without being
asked to and without the owner watching it happen. Chapters ahead will
show reframing being done on purpose, as a discipline. This chapter is
about what a mind does when reframing happens to it — and about the
tools people built once they noticed the pattern and tried to make it happen
more often.
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What Apes and Candles Taught the Gestaltists
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While Poincaré's confessions were circulating among mathematicians, an
entirely separate community was reaching the same conclusion from the
opposite direction: not by asking brilliant humans to introspect, but by
watching animals fail and then, suddenly, not fail.
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In 1913, the Prussian Academy of Sciences opened an anthropoid research
station on Tenerife, in the Canary Islands, and installed as its director a
young Gestalt psychologist named Wolfgang Koéhler (Wikipedia, "Wolfgang
Kohler"). Over the next several years Kohler set his chimpanzees problems
that had a food reward just out of reach — bananas outside the bars, requir-
ing a stick to pull them closer; bananas hanging from the ceiling, requiring
two crates stacked to make a step. The prevailing theory of animal learning
at the time, championed by Edward Thorndike, held that all such learning
was trial-and-error: the animal flails, something works by accident, and the
successful action is stamped in by reward. Kohler's chimpanzees did some-
thing that did not fit that story. They would sit — visibly, almost theatrically,
to Kohler's eye — doing nothing, surveying the crates and the bananas, and
then rise and execute the entire stacking sequence in one continuous, con-
fident motion, with no visible trial before the error-free success. Kohler
called this insight, and published his findings in 1917 as Intelligenzpriifungen
an Menschenaffen, translated into English in 1925 as The Mentality of Apes
(Wikipedia, "Wolfgang Kohler"). Whatever this was, it looked much less like
accumulated luck and much more like a sudden reorganization of the anim-
al's picture of the situation — the crate stopped being "a thing chimpanzees
sit near" and became "a thing chimpanzees stand on."
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Kohler's student Karl Duncker pushed the same question into the human
laboratory and gave it a name that survives every introductory psychology
course: functional fixedness. In the task now known as the candle problem,
a subject is handed a candle, a box of thumbtacks, and a book of matches,
and asked to mount the lit candle on a wall so no wax drips on the table
below. Most people try to tack the candle straight to the wall, or melt wax
onto the wall as glue — both fail. Very few think to empty the tack box, tack
the box to the wall, and stand the candle inside it, because the box has
already been cast, before the subject even starts reasoning, in the role of
"container for tacks" When Duncker instead handed subjects the tacks
loose, next to an empty box, the solution rate rose sharply — the box, no
longer costumed as a container, became visible as a shelf (Duncker, "On
Problem Solving," Psychological Monographs, 1945; Wikipedia, "Candle prob-
lem"). Functional fixedness is the mind pre-loading a representation — as-
signing an object one role and refusing, without help, to try another — and
it is the same failure that trapped every petitioner at Gordium: a state space
silently narrowed by habit rather than by the actual rules of the problem.

TH
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Norman Maier, working at the same moment on the opposite side of the At-
lantic, went further and asked a harder question: does insight need to be
conscious to work? His two-string problem hangs two cords from the ceil-
ing, too far apart for a subject to hold one and reach the other; a pair of
pliers lying nearby can be tied to one cord and swung as a pendulum, letting
the subject catch it while holding the first. Subjects who stalled were given
a hint disguised as an accident: Maier would walk past and "accidentally”
brush one of the strings, setting it swinging. Most who then solved the
problem could not say why the answer had occurred to them — in Maier's
post-experiment interviews, only around a third of those helped this way
recognized they had been cued at all (Maier, "Reasoning in Humans II,"
Journal of Comparative Psychology, 1931; replication and discussion in
Landrum, "Maier's (1931) Two-String Problem Revisited," 1990). The uncon-
scious, in other words, can accept a piece of evidence, use it to restructure
a solution, and hide the receipt. Wallas's incubation was not a metaphor. It
was a mechanism, and Maier had just shown it operating below the floor of
self-report.
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Taken together, Kohler's chimpanzees, Duncker's candle, and Maier's
swinging string describe the same discovery three ways: solving is not al-
ways, or even usually, a matter of trying harder inside a fixed picture of the
problem. Often the picture itself is the obstacle, and the picture can change
— sometimes all at once, sometimes with help the solver never notices —
without the solver doing anything you could call "more search.”
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Polya's Toolbox
Nao4LA509lavag Polya

All of this — Poincaré's testimony, Wallas's stages, Hadamard's survey, the
Gestalt animal and human labs — described what happens to a solver. None
of it told a stuck student what to do on a Tuesday afternoon with a geo-
metry problem due Wednesday. That gap was closed, decisively and for the
first time in a form ordinary people could use, by a Hungarian mathem-
atician who had spent years watching himself and his students think.

TH
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George Polya's How to Solve It, published in 1945, opens with a plan of
embarrassing simplicity: understand the problem, devise a plan, carry out
the plan, look back. Understanding sounds too obvious to need saying, and
Polya's own point is that this is exactly why students skip it and then
wonder why they are stuck; his prompts — what is the unknown, what are
the data, can you restate this in your own words — exist because "understand
the problem" is a stage, not a formality (How to Solve It (1945), summarized
at Wikipedia). But the four phases were only the skeleton. The body of the
book is a dictionary of some sixty-odd named heuristics — practical, un-
guaranteed methods for finding the plan in step two — and it is these that
made the book a fixture on desks far from any mathematics department.
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A few of Polya's heuristics deserve their names remembered, because they
recur, disguised, throughout the rest of this book. Analogy: if you cannot
solve the problem in front of you, have you solved one that resembles it?
The auxiliary problem: can you invent an easier, related problem, solve that
one, and use the solution as a ladder? Working backward: start from the
goal and ask what state would have to precede it, then what would have to
precede that — a heuristic Polya credits with turning "find a path" into "find
a path,’ read right to left, which is sometimes the shorter search. Specializ-
ation and generalization: if the problem is too abstract to get a grip on, try
a small concrete case; if it is too narrow to see the structure, ask what
larger family it belongs to. None of these procedures guarantees an answer.
All of them narrow the region of the problem space worth searching, by
betting — on the strength of experience with other problems — that the
path is more likely to run through analogy, or backward from the goal, or
through a simpler cousin, than through blind trial.
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The book's afterlife is its real argument. Marvin Minsky, writing in 1961 at
the dawn of artificial intelligence research, told his readers flatly that
"everyone should know the work of George Polya on how to solve problems"
(quoted in Wikipedia, "How to Solve It"), and Allen Newell — who with Her-
bert Simon would go on to build the problem-space formalism this book
leans on throughout (chapter 00) — later wrote an entire paper examining
exactly how much of Pdlya's heuristic vocabulary a computer program
could be made to use, and how much resisted translation into code (Newell,
"The Heuristic of George Polya and Its Relation to Artificial Intelligence,’
1981). Newell's conclusion was double-edged: Polya's heuristics were
recognized by everyone in the field as the right kind of idea, and yet dec-
ades of effort proved how hard it was to turn "notice an analogy" into an al-
gorithm. A heuristic that a human applies with judgment is not automatic-
ally a heuristic a machine can apply at all — a tension this book will meet
again when the search moves from human heads into silicon (chapters 04
through 06, and again in chapter 10).
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Forty Thousand Patents and One Idea
ansunsaniluaiu nulafefen

Half a world away, and unaware for years that Polya's book even existed, a
Soviet inventor was solving the identical problem from the opposite trade.
Genrich Altshuller worked reviewing patent applications for the Soviet
Navy, and it needled him that engineers kept "inventing" solutions that had
already been invented, in different industries, under different jargon. He
began, starting in 1946, to read patents not for their content but for their
shape: what kind of difficulty had the inventor faced, and what kind of move
had resolved it. Building the classical contradiction matrix, Altshuller and
his collaborators examined on the order of forty thousand patents drawn
from a much larger pool — one contemporary account puts the source pool
at roughly four hundred thousand — screening for the subset that repres-
ented genuine breakthroughs rather than routine refinements (Savransky,
"A Few Words About the Altshuller's Contradiction Matrix," The TRIZ Journ-
al, 1997). Exact patent counts vary across the movement's own retellings —
later organizers cite larger cumulative totals as the research continued for
decades after 1946 — but the order of magnitude, tens of thousands sifted
by hand and eye, is not in dispute (Wikipedia, "TRIZ").

TH

Sndnlannis uaglifumaneUdedrimilsdevas Pslya ey tnuseAus

Todenauniaidaudlondifienfiuaindnerdn Genrich Altshuller naunsaa

fwadnaiinsTinawindelsdon uaziudnlawniiimnsionud "Uszaug"

86


https://stacks.stanford.edu/file/druid:gj292yv5713/gj292yv5713.pdf
https://the-trizjournal.com/words-altshullers-contradiction-matrix/
https://the-trizjournal.com/words-altshullers-contradiction-matrix/
https://the-trizjournal.com/words-altshullers-contradiction-matrix/
https://the-trizjournal.com/words-altshullers-contradiction-matrix/
https://the-trizjournal.com/words-altshullers-contradiction-matrix/
https://en.wikipedia.org/wiki/TRIZ

THE HEURISTIC AGE

mauAfignuseRvglundalugnaminssudu Tedwiangyndu daudd 1946
wsusuansunsliliiieiion usitegunssvasiu: tnuseAvgiaenny
gndunialu uasviwdialmuiindeaeiiu Tunisasaamindanudauds
atunanadn Altshuller wazg31uuns9ANETRsTNANTIVATUAiRINaN
nesiiajnindunn — Sufinsawadvatunissynesdunliisnduauatu
— Taedaangdmsesiidunmnganzaisuasnis lilinmsdanaiauund
(Savransky, "A Few Words About the Altshuller's Contradiction Matrix," The
TRIZ Journal, 1997) S1unudnsinsiintususrsiululundazatufivuiunis
ilides — fiarsgundsdrewonazauiiluaniniu innzauisedusiosn
MANENAITTUNAST 1946 — uiduduresun Aeudnuiluatufignseudeiie
wagm ludilasifiss (Wikipedia, "TRIZ")

What Altshuller extracted from that reading was TRIZ — Teoriya Resheniya
Izobretatelskikh Zadatch, the Theory of Inventive Problem Solving — built on
a single organizing unit he called the technical contradiction: improving
one parameter of a system (make it lighter) degrades another (it becomes
weaker). Altshuller's claim, radical for engineering in 1946, was that a genu-
ine invention is not a compromise between the two — thinner and therefore
weaker — but a move that escapes the trade-off altogether, and that the
moves which escape trade-offs repeat across industries, so that the solu-
tion to a chemical-plant problem might be structurally identical to a solu-
tion already patented in bridge-building. He and his colleagues eventually
distilled this into forty named inventive principles and a matrix for finding,
given any pair of colliding parameters, which of the forty was likeliest to
apply (Wikipedia, "TRIZ").
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The convergence with Pdlya is not coincidence dressed up as destiny — it is
what you would expect if both men had, independently, put their hands on
the same underlying fact: across wildly different domains, the number of
genuinely different move-types is far smaller than the number of problems
they solve. Polya found perhaps sixty for mathematics. Altshuller found
forty for engineering. Neither number is sacred, and this book will not pre-
tend the two lists are secretly the same list. But both men had discovered
that a stuck solver rarely needs a new idea invented from nothing; far more
often what is needed is a shift into a known kind of move, correctly
matched to the kind of obstacle in front of them.
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Invert, Always Invert
AAUAIU NAUATULAND

One of those move-types is old enough to predate the whole psychological
turn, and simple enough to state in five words: when stuck, try the opposite
direction. The German mathematician Carl Gustav Jacob Jacobi is widely
credited with the maxim man muss immer umkehren — "one must always
invert" — reportedly drilled into his students as a standing instruction
whenever a differential equation resisted a direct attack: stop asking what
the integral of this expression is, and ask instead what expression this could
be the integral of. The attribution deserves the same caution this book gave
the sword and the pin at Gordium: the phrase survives only as something
Jacobi "is said to have" told his students, quoted at several removes and
popularized outside mathematics only much later, so the wording — and
possibly the entire anecdote — should be read as folklore with a
mathematical core, not a verified transcript (Mathematical Association of
America, "Quotations in Context: Jacobi"). What is not folklore is the tech-
nique's power: Jacobi and Niels Henrik Abel both made their names by in-
verting elliptic integrals — asking not "what value does this integral take"
but "what limits produce this value" — and finding, on the far side of the
inversion, a whole new family of well-behaved functions waiting to be
named.

TH
nildluriinvesvinnaituinuanefnasiunneun1sut 1IN INeNImNAL
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Inversion belongs on Poélya's list in spirit if not by his exact label — it is a
cousin of working backward — and it is the same move Alexander made at
Gordium in chapter 00, whether by sword or by pin: refuse the direction
the problem was handed to you in, and search the reverse instead. It will re-
surface, formalized into an algorithm rather than a maxim, when this book
reaches dynamic programming's habit of solving a problem from its last
step backward (chapter 04).
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programming) NkAlandandugainedounauun (uni 04)

The Searchlight, Not the Guarantee
Tnatedeang Lildarsuussiu

Step back from the individual names and a single shape emerges from this
whole chapter. Wallas's incubation, Hadamard's wordless thought, Kohler's
insight, Duncker's fixedness, Maier's hidden hint, Poélya's dictionary,
Altshuller's contradictions, Jacobi's inversion — none of them is a procedure
that finds the shortest path by exhausting the space and comparing every
route. Every one of them is a bet, made in advance of full information, about
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where in the space the short paths are statistically likely to hide. Analogy bets
that a problem's structure has already been solved once, somewhere else, in
different clothing. Working backward bets that the goal state constrains its
predecessors more tightly than the start state constrains its successors.
Altshuller's contradiction matrix bets that whatever principle broke a trade-
off in aircraft design will also break one in chocolate packaging.

TH
navoananTaudaste udgunsudsaTnatuinannyisuni incubation ves
Wallas Anudniilédosmuas Hadamard insight wa3 Kshler Anuafinuas
Duncker fnltfigountuas Maier waunynsuves Pélya anudnudses
Altshuller nsndusuves Jacobi — hifsulmuasiduduneuiiniduniedy
figadenslanuiiounuauduiisunnidums nnduensiiaiu fieasieu
aziifeyansu Tluuiitu dunmedug fuuliunsadfesdeusgnsdln
nsifisuidsauiuinlassadreeddandinegnudlundandais Aluudnusie
TuiderBnyn msvhdeunduimuiuiaauztwnetuisiiuneusiuuiu
nifianugaadutudefinnusiuan windanudaudaues Altshuller iu
Tmdnnsiivinnisuaniduanidslunusenuuusiniaeiu agiinnisuanlduan
delunmsussytenlnuanlanie

This is why the heuristic age is not the end of this book's argument but its
opening move. A heuristic does not change the problem space — it does not
throw away states, redefine the goal, or invent new operators, the way
Euler's abstraction of Konigsberg did in chapter 02's aftermath, or the way
Snow's re-definition of a "case" will in chapter 07. A heuristic simply shines
a searchlight into a fixed space and says: look here first. That is real, useful,
and teachable — Polya's book has stayed in print continuously since 1945 for
exactly that reason (Wikipedia, "How to Solve It") — but it is a smaller claim
than reframing, and honesty requires saying so before the next four
chapters show what happens when solvers stop shining lights into the given
space and start rebuilding the space itself.
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TH
A dl . . 1 v Y Y o A =1 1 Q)
Lrewnnaiign heuristic laldunaguvesteldudslumisdaiauil uidununn
\Wawetiu heuristic luilasununtamn — duldnsaaiug Tidonudwmung
T lsifndsiiunns (operator) Tvaifiuan ag19iin153n Konigsberg Tt
UIUST5UVDY Euler vinlunaniswesuny 02 v3eagnannisiienu "waa" Insivag
Snow ag¥inluuni 07 heuristic wadaslnanadlUlununnanesnaivanin
dyl o [ a = L4 [ 4 o A L, a '3
anstinow tuduveswss duselevil uazaounuld — wilidovas Polya Wuw
rotllaannudt 1945 aananaililee (Wikipedia, "How to Solve It") — wél
fududonansreiiiannitnisilasunseu wazaudonsauseniadiiynsen
wneundunanliazuansininezlstullotnuntywiandesiwitnluTunun
a & Yy v a vy X AX '
NgnauNli udnsuas swunvulnies

The Move
N1UsLAIUN

Move 03 — Carry named tools.

TH

Move 03 — WNLAS 290NV

A heuristic is not a guarantee. It is a bet, made by someone before you,
about where in a space of possibilities the short paths tend to cluster — and
every bet has a failure mode you should know before you place it.
TH
heuristic laflvsfuuseiu fufemsiiuiuiinureuniaaandls 41luiud
vasnrunSululy dumedug iindunquiuegnsdluu — waznisiduiunnas
flnuaAnudumaiiinasiieunaiu

* Keep a short deck, not a long one. Polya's dictionary runs past sixty
entries and Altshuller's matrix has forty principles, but almost no solver
holds more than a handful in working memory under pressure. Choose a
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working set — analogy, working backward, the auxiliary problem, inver-
sion are a defensible starting four — and know them cold rather than
knowing a hundred shallowly.

Name the failure mode with the tool. Analogy fails when the surface re-
sembles a solved problem but the structure does not. Working backward
fails when the goal state under-constrains its predecessors. Functional
fixedness is not a flaw in the solver, Duncker and Maier showed — it is a
predictable cost of any heuristic that pre-assigns roles to objects,
including the useful ones.

Protect incubation on purpose. Poincaré did not summon the omnibus
insight; he set the problem down and let a fortnight of grinding prepara-
tion finish itself off-screen. If a plan has failed after honest effort, walking
away is not surrender — it is deploying the one stage of discovery, per
Wallas and Hadamard, that specifically requires you to stop looking.

Treat a heuristic's silence as information. When your whole deck comes
up empty against a problem, that is evidence the space itself is wrong, not
that you need a sixty-first heuristic. That is the cue to stop searching
within the given frame and start asking what would happen if you
changed it — which is where this book goes next.
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Next — Chapter 04 - War and the Science of Search: heuristics compressed the
search inside one mind. The Second World War would industrialize it — turn-
ing the shortest path into a discipline with a budget, a uniform, and a body
count.

TH
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CHAPTER 04

War and the Science of Search

AIASIUAUAIENTUNINTISAUN

Portsmouth, 1941
Portsmouth 1941

Patrick Blackett had won a Nobel-caliber reputation in physics — he would
in fact collect the actual Nobel Prize in 1948, for work on cosmic rays — and
in the spring of 1941 he was doing something no physicist had ever been as-
signed to do before: sitting in a Royal Air Force operations room, watching
U-boats sink merchant ships faster than Britain could build them, and
trying to compute his way out of it.

TH

Patrick Blackett a31efoidssseauluualilursnsil@nduds — uazinildsu
se¥aluuaniss Tull 1948 anauisesiviaeatin — uarlugglulingd 1941
wirhdsindsilimeiitnfandaulnugnueumnglivinunnou: teegluties
UrywnsufoRn1sues Royal Air Force iEhgiiegauiiedudiinindisangy
azdetuulualle wagneneusuamyeesnaniiy
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The team around him had no official name, so people called it Blackett's cir-
cus: a physiologist, a physicist, an astrophysicist, and eventually two future
Nobel laureates, all seconded from their laboratories to Coastal Command's
new Operational Research Section (INFORMS biographical profile of Black-
ett). None of them had ever fought a war. What they had was a habit, bred
into every physicist, of refusing to trust an intuition that hadn't been
checked against a number.

TH
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Blackett) Lifilaslunumssuluasnsiuunneu Asiwinnifetidenugnilaag

lutinW@ndnnau: Ujasnazitedyvinerandgslilaenlumisuiuiay

The intuition they checked first nearly ended a career. Britain's convoys —
merchant ships sailing in escorted groups across the Atlantic — had for
years followed an unspoken rule: keep them small, because a smaller cluster
of ships is a smaller target, and fewer eggs are lost if the basket is dropped.
Naval officers as senior as America's Admiral Ernest King believed this so
firmly that it barely seemed worth testing. Blackett's group tested it
anyway, and found the opposite. A U-boat has to find a convoy before it can
attack it, and the ocean is enormous; the area available for a submarine to
search does not care how many ships are inside a convoy's perimeter. Once
a raider does find a convoy, meanwhile, its stock of torpedoes is limited, so
a convoy of 80 ships loses only slightly more tonnage to a single attacker
than a convoy of 40 — while half as many convoys have to cross the ocean
and expose themselves to the risk of being found at all. The reasoning had a
clean geometric core: pack merchant ships inside a circle and the number
you can fit grows with the area, which scales as the square of the radius,
while the escorts patrolling the perimeter only need to scale with the radius
itself. Double the convoy's size and you do not need to double its escort — a
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few more escort ships now guard proportionally far more cargo (Pacific War
Encyclopedia, "Convoys"). The British Admiralty had clung to an "ideal" con-
voy size near 40 ships for no reason anyone could articulate; when it was
finally persuaded to run convoys as large as shipping would allow, sinkings
fell. Each escort vessel built, the analysts calculated, saved on the order of
two merchant ships over the course of the war.
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The same circus turned its calculators on the RAF's depth charges — the
underwater bombs dropped on submerged U-boats — and found that crews
had been fusing them to explode at roughly 100 feet, the depth a submarine
commander might plausibly dive to escape. But data on actual attacks
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showed most U-boats were still near the surface, diving in a panic, when
they were caught. Reset the fuse to explode at about 35 feet instead, and a
depth charge that used to miss its target because it detonated too deep
would now catch boats where they actually were. The change alone is cred-
ited with roughly doubling the kill rate of attacks that scored a hit (IN-
FORMS, Blackett profile). Nobody built a new weapon. Nobody found a new
tactic. Somebody looked at the numbers already sitting in a filing cabinet
and asked a sharper question of them.
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This is the discovery this chapter is about, and it is worth stating plainly
before the stories pile up: in the crucible of the Second World War, a
scattered handful of physicists, statisticians, and economists realized that
war — and soon after, business, agriculture, and engineering — was full of
decisions that looked like a matter of experience and nerve but were actu-
ally optimization problems wearing a uniform. Once you saw them that way,
you could solve them with arithmetic instead of instinct. The convoy prob-
lem and the depth-charge problem look nothing alike on the surface. Un-
derneath, both are the same move: measure what actually happens, not
what you assume happens, and let the measurement — not the veteran's gut
— choose the number.
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The Bombers That Didn't Come Home
st unessIian Lilanaudiu

Across the ocean, a mathematician named Abraham Wald was solving a
problem with the same shape and a very different flavor, and his name has
since attached itself to one of the most retold anecdotes in applied
statistics — a story worth telling and worth correcting, because the correc-
tion is itself a lesson in this book's thesis.
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The version everyone has heard goes like this: the U.S. Army, wanting to
armor its bombers without making them too heavy to fly, brought Wald
data on where returning aircraft had taken damage — mostly on the fusel-
age and wings, rarely near the engines — and prepared to reinforce the fu-
selage. Wald, the story says, told them they had it backwards: armor the
engines, because the planes that got hit there were the ones that never
made it home to be counted. This is the "survivorship bias" story, and as an
illustration of the idea it is close to perfect.

TH
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As history, it is largely invented. In 2016 the mathematician Bill Casselman
went looking for the primary sources and found astonishingly little: no
transcript of Wald delivering advice to a room of generals, no diagram of a
bullet-riddled bomber with Wald's own hand on it, nothing resembling the
vivid scene retold on a thousand websites. What survives are Wald's actual
memoranda for the Statistical Research Group at Columbia, released dec-
ades later, and they contain something both less cinematic and more im-
pressive: a technical apparatus for estimating, from the hit patterns on sur-
viving planes alone, the probability that a plane hit n times would have gone
down — without ever seeing the missing planes at all (Bill Casselman, "The
Legend of Abraham Wald," AMS Feature Column, 2016; the original memor-
anda and the standard modern gloss are collected in Mangel & Samaniego,
"Abraham Wald's Work on Aircraft Survivability," Journal of the American
Statistical Association 79 (1984)). Wald assumed enemy fire struck aircraft
roughly at random, then built a recursive equation linking the observed dis-
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tribution of hits on survivors to the unobserved population of planes that
never returned — solving, in effect, for the ghosts by their absence from the
room. He never records a punchy one-liner about where to bolt the armor;
the SRG's stated policy was to answer the technical question it was asked,
not to issue tactical advice. The closest primary account, from SRG director
W. Allen Wallis, states only that Wald "assumed, on good evidence, that hits
in combat were uniformly distributed over the planes" and derived vulner-
ability estimates from that assumption — the seed, probably, from which the
vivid modern retelling eventually grew.
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None of this makes the underlying insight less real, or less important to this
book. The reframing at the heart of the Wald story — stop treating "the data
I have" as "all the data there is," and ask what process filtered the data
before it reached you — is exactly the kind of representation change this
book is chasing. But the popular version has smoothed a subtle, careful
piece of statistical reasoning into a punchy anecdote with a villain (the
obtuse generals) and a hero delivering a mic-drop line. The real Wald is
more interesting: a mathematician who looked at a table of surviving-air-
craft hit-counts and, using nothing but the assumption that bullets don't
discriminate, reconstructed a population he could never see. That is a
longer path to a shorter insight, and it is the more instructive story of the
two.
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One Country's Plywood, Another Country's Menu
idnvasuszimanile iyamisvasdnussne

While Blackett's circus tuned depth charges, a young Leningrad mathem-
atician named Leonid Kantorovich was solving a problem with no evident
connection to war at all. In 1938 the local Plywood Trust, a Soviet industrial
cooperative, brought him an ordinary-sounding scheduling headache: eight
lathes, five kinds of veneer, and a demand to keep the ratio of the five ply-
wood types fixed while maximizing total output. The trust's own engineers
had been unable to find a satisfying answer by trial and adjustment.
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Kantorovich noticed something that turned out to matter far beyond ply-
wood: the problem was not really about lathes. Any situation where you
must allocate a fixed pool of resources among competing uses, subject to a
straight-line (linear) relationship between inputs and outputs, has the same
skeleton, whatever the resources happen to be — labor hours, tons of steel,
hectares of farmland, machine-time. In 1939 he published The Mathematical
Method of Production Planning and Organization, showing that an enorm-
ous class of allocation problems could be written as one equation: maximize
(or minimize) a linear function of many variables, subject to linear
constraints (MacTutor History of Mathematics, biography of Kantorovich).
He called the technique linear programming before that name existed in the
West, and he had no map of how to solve the general version efficiently —
only the recognition that the general version existed and that Soviet in-
dustry was riddled with disguised copies of it. Decades later, in 1975, he
shared the Nobel Memorial Prize in Economic Sciences for exactly this
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insight (Britannica, "Leonid Vitalyevich Kantorovich") — a Soviet mathem-
atician recognized by a Western economics prize for having spotted, in a
plywood factory, the shape of a problem that would eventually run supply
chains on both sides of the Iron Curtain.
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An ocean away and unaware of Kantorovich's work, the American economist
George Stigler ran into the same shape of problem from a completely dif-
ferent door. In 1945 he asked how a moderately active man could eat as
cheaply as possible while still meeting the U.S. National Research Council's
recommended intake of nine nutrients, choosing freely among 77 available
foods. No known method could find the true cheapest diet outright, so Sti-
gler searched by hand among a limited set of promising combinations and
reported a diet — wheat flour, evaporated milk, cabbage, spinach, dried
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navy beans — costing $39.93 per year in 1939 prices (Wikipedia, "Stigler
diet"). He knew he had found a good answer, not necessarily the best one,
and he said so.
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Two years later, an American mathematician named George Dantzig gave
Stigler's diet problem, and every problem shaped like it, a general solution
— and the way he arrived there has its own well-documented origin story,
separate from the one that would later attach to his name.
TH
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Dantzig's simplex method was born of wartime bureaucracy: as a young
statistician for the U.S. Army Air Forces, he had grown expert at the mech-
anics of logistics planning done by hand, on desk calculators, one plan at a
time. In June 1947 he formulated a general model for these planning prob-
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lems as a system of linear inequalities, and by that August had devised the
simplex algorithm to solve it — a way of walking, systematically and effi-
ciently, along the edges of the geometric shape formed by a problem's
constraints until an optimal corner was reached (George Dantzig, "Origins
of the Simplex Method," ACM, 1990; MacTutor biography of Dantzig). Within
months, colleagues at RAND had renamed his subject "linear programming,’
and by 1951 the method was public.
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That same fall, a researcher named Jack Laderman at the National Bureau of
Standards decided to stress-test the brand-new algorithm on the hardest
real instance he could find: Stigler's diet problem, nine nutritional con-
straints across seventy-seven foods. Using hand-cranked desk calculators
— this was still years before general-purpose electronic computers were
commonplace — a team spent roughly 120 person-days grinding through
the simplex method's arithmetic by hand. The true minimum-cost diet, it
turned out, cost only about 24 cents less per year than Stigler's hand-
searched estimate (Wikipedia, "Stigler diet"; George Dantzig, INFORMS oral
history). Stigler's instincts, honed by an economist's judgment, had gotten
within a rounding error of optimal. But the simplex method had gotten
there by a procedure, one that would work whether the next problem was a
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diet, a plywood mill, or a bombing campaign, and would keep working as the
number of variables climbed into the thousands, then the millions.
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Dantzig's name is also attached to a second, older, and unrelated anecdote,
which deserves to be told with its correct date rather than folded into the
simplex story: in 1939, as a first-year doctoral student in statistics at Berke-
ley, Dantzig arrived late to a lecture by Jerzy Neyman and copied down two
problems chalked on the blackboard, assuming they were the week's home-
work. He found them harder than usual but turned in solutions a few days
later. They were, in fact, two long-unsolved problems in mathematical stat-
istics, and Dantzig — not knowing this, and so never discouraged from try-
ing — had solved both. The core of the story checks out; the widely circu-
lated embellishments (a ten-problem final exam, a claim that "even Einstein"
had failed the problems) do not, and were traced to a later, dramatized re-
telling by a television preacher rather than to Dantzig himself (Snopes, "The
Legend of the 'Unsolvable Math Problem™). The lesson Dantzig himself drew
from it — that not knowing a problem is supposed to be impossible is some-
times the only reason you solve it — belongs to this book's thesis in its own
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right: the frame around a problem, including the frame of how hard people
believe it to be, is part of what makes the space large or small.
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The most quietly radical idea to come out of the RAND Corporation in this
decade belonged to Richard Bellman, and it began, by Bellman's own
account, as an act of camouflage.
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Bellman arrived at RAND in 1949 already restless in a conventional academic
career, and by 1950 was working on what he called multistage decision pro-
cesses: problems where a sequence of choices, made one at a time, has to
add up to a good overall outcome — how to allocate an investment across
years, how to route a process through successive stages, how to plan a se-
quence of moves toward a goal. His key mathematical insight, later
formalized as the principle of optimality, is easy to state once seen: an op-
timal overall plan must also be optimal for every sub-plan it contains, start-
ing from wherever you happen to be partway through. If the last leg of your
best possible road trip from Bangkok to Chiang Mai runs through Lampang,
then the best route from Lampang onward to Chiang Mai must itself be op-
timal — because if a better route from Lampang existed, you could substi-
tute it and improve the whole trip. This lets a solver break an enormous
multistage problem into a chain of small ones, solved backward from the
goal, each one easy once its successor is already known. Bellman called the
technique dynamic programming, and the functional equations built on the
principle of optimality remain, to this day, one of the handful of general-
purpose engines for solving sequential decision problems in economics, en-
gineering, and — chapter 10 will show — reinforcement learning.
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The name itself, though, is where Bellman's own account gets interesting to
hold up against the calendar. In a 1984 autobiography excerpted by Stuart
Dreyfus, Bellman explained that he needed a label that would not sound like
"mathematical research,’ because RAND's ultimate boss at the Department
of Defense — a "Secretary Wilson" with, in Bellman's words, "a pathological
fear and hatred of the word research" — could not be allowed to suspect he
was funding pure mathematics. So Bellman chose programming, a word
with an unthreatening, practical ring, and dynamic, an adjective he judged
impossible to use pejoratively, and combined them into an umbrella "not
even a Congressman could object to" (Stuart Dreyfus, "Richard Bellman on
the Birth of Dynamic Programming," Operations Research 50, no. 1 (2002),
quoting Bellman's Eye of the Hurricane, 1984). It is a wonderful story about a
bureaucrat too literal-minded to tolerate the word "research.” There is one
problem with the timeline: Bellman's own first published paper using the
term "dynamic programming" appeared in the Proceedings of the National
Academy of Sciences in August 1952 (Bellman, "On the Theory of Dynamic
Programming," PNAS 38, no. 8 (1952)) — while Charles Wilson, the defense
secretary Bellman names, did not take that office until January 1953. Blog-
gers and historians tracking the discrepancy have noted this is at least a
year out of order for the story as told (see the discussion at Arcane Senti-
ment, "Why 'dynamic programming'?"). Bellman may simply have misre-
membered which official prompted his caution, decades after the fact, or
folded two memories into one — autobiographies are not sworn depos-
itions, and his own memoir elsewhere warns, with disarming self-aware-
ness, that "all this contributes to the misleading nature of conventional his-
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tory. What is not in question is the mathematics: the principle of optimality
is real, powerful, and exactly as general as Bellman claimed.
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(see the discussion at Arcane Sentiment, "Why 'dynamic programming'?")
Bellman e1auasAnidmithdiauluudivinliionse s ndavanisalinuly
WANENAISTE Wioenanuaunsisdestusadutuiion — Saduszinld
ToAlnslamanuiu uazduiinmnamssivesvesiiioul3idusieniny
Eothaindugin mueiitdailise fRmanuuuiisfuiniidnene
yaudlafin® Asiilifidoasdfendamans: ndnnsimunedigaiuaia nse
Wi wazialuwing Bellman 819liwed
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When Searching Is Hopeless, Gamble
HI9NISAUKIAUNTI ALAUNTIU

Not every wartime problem yielded to an equation. Some problems were so
tangled with chance — a neutron careening through a chunk of fissile ma-
terial, colliding, scattering, occasionally triggering another collision — that
no formula could capture their behavior in closed form, and no exhaustive
search was remotely possible even for a room-sized calculating machine.

™
Tulannlanderuasnsiuazgauuiliaunis uelandgiuiuaududayuiu
uly — Tanseuiimgenusihudeutagilaled su nseids uazunsadaiige
suunsvudnads — auliifignsluudungnssuvesiulusudale uaznsdu
wiliinsugufidululdlfiasudiudfuiniosunuavives

The way out came, by Stanislaw Ulam's own account, from a card game. Re-
covering from an illness in 1946 and playing endless hands of Canfield solit-
aire, Ulam found himself wondering what fraction of shuffled decks could
actually be won — and realized that after failing to derive the answer by
combinatorial analysis, the fastest path to a good estimate was simply to lay
out many hands and count. If you cannot calculate the probability of an
event from first principles, you can often simulate the event many times and
let frequency stand in for probability. Ulam brought the idea to John von
Neumann, who saw immediately that the same trick — replace an intract-
able calculation with a large number of random trials — could model how
neutrons diffuse through a bomb core, a problem central to the hydrogen
bomb project at Los Alamos. Nicholas Metropolis, working alongside them,
gave the resulting family of techniques its lasting name, after the Monaco
casino district, in a nod to Ulam's uncle, who reputedly could never resist a
trip there (Los Alamos National Laboratory, "Hitting the Jackpot: The Birth
of the Monte Carlo Method").
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TH

msvoninanANln ausuenLEIYes Stanislaw Ulam Lo sewinewniluan
nsautaelud 1946 waziaulnawfieawuu Canfield laifau Ulam iinasdodn
drsuiiduudaifidndouinlsiivugldnse — wazasemindt ndaanayuudd
neufemsiinneidinsdanyliduse dunsdiiaiigelugaussanaiio
Aon1saelnnaneg mudiiuie ddunaemuinesduveunnsalann
udnmsnuglild Adnezsrasamgnisaiifunansy ads udlvanuasuun
autieeuld Ulam wleidieiilum John von Neumann giftustuitingnlsl
Weafu — unuiimsdmnaidanslidmienimaassdusiuiumn —
$raesmsunsvasinseusnuunussidald dadulondileveslasins
szidinlalnsiaudi Los Alamos Nicholas Metropolis %aﬁwmuaeﬁwq WINLYY

! ]
IS =

g - gy o v 4. o
Aweregduaslinmaiianszganlaoenun audegiuadluvedluuiln lay

WINHIg9vas Ulam fiirfuinealalailufidulsiingld (Los Alamos National
Laboratory, "Hitting the Jackpot: The Birth of the Monte Carlo Method")
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Monte Carlo methods are, in the vocabulary of this book, a confession and a
workaround at once: a confession that the space is too large or too tangled
to search or compute exactly, and a workaround that trades a guaranteed
exact answer for a probable good one, obtained fast. It is the same bet a
pollster makes surveying a thousand voters instead of forty million, applied
to physics instead of politics — and it would go on to become one of the
standard tools of modern computing, invoked whenever a problem's exact
structure resists analysis but its outcomes can be cheaply sampled.

TH

aa a = o [ < | 1 é’ o

Jsuaumn1Isla (Monte Carlo) Aa TuAAWNUaIMINADLAUY ANAITAINLAENNG
weslunanfanu: asnwinunluginulursenuduiundiagAumuse
AuIRg1IUg Ll waztagITITnIsHanAInaUNLINg1ag195uUsEAUlA AU

'
o =]

Anauniunaagelaus dufenisihuiunuuieaiunindrsrannuani
o o vaas £ a Y A& o = @ Ao v a Yo
nilleasunuEiiansidenamieiuauununazsdudduduau iieaudldiu
WAndunumsifies — uazduaznanailunildlunsedionnsgiuvesnis
Aunalislvi gnisenldnnasinlasadisiuuueuvadlandiiunsinsisi

winaansvesiuduitegalalusinign

One Problem, Many Costumes
Tandinen nalrgAsaILAINIY

Step back from the individual stories and a single, almost eerie pattern
comes into view. A team of physicists calculating depth-charge fuses. A
statistician reconstructing invisible aircraft losses. A Soviet mathematician
scheduling plywood lathes. An American economist pricing a subsistence
diet. A young Berkeley graduate student solving problems he didn't know
were famous. A RAND consultant hiding calculus inside a politically safe
name. A convalescent playing solitaire. None of these people were working
on "the same problem" in any sense a layperson would recognize. And yet
Kantorovich's lathes, Stigler's groceries, and Dantzig's Army logistics turned
out to be one mathematical object — a linear program — in three disguises;
Bellman showed that an enormous family of sequential decisions, from in-
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vestment schedules to shortest routes, share a single recursive skeleton;
and Wald's and Ulam's contributions both amount to extracting a signal
from a process too large or too obscured to observe directly.

TH
A ' ' = v a A A 1 < X a
09Y9NIINTOUAMABTITO ULAIFURUUREINR DUz VLANAUTINGTY Tin
uniandAunuiuszingn dnadfaswanugaydevasnsesdunuely
wivdiuun vl dnedinansloiiondnmsiansenacddsn dnasegaians
a o gj v aa L% = U = = 1 dl L4
BLFAURITIATDMNTUTEINTIN UndAnwUadindnuwinyui Berkeley uflang
malaiginlasns NUSnwrves RAND dounaanadliluieniuasnfenienis
s Y v é‘l 1 1 a 1 qgll o % " ¢ L% n
e auldwnuaulnauien lidlasluivinaudu Tandwaadu” Tu
AMuIneAuiluazsuilaiae nseliu 1n309nAeUes Kantorovich vaet1v84
Stigler wazladafindnawinunves Dantzig ndunaneiluingniadindnans
Uiy — AMvuanIstadu — luaugauasuna; Bellman wandinnisanau
Tawuuaaunszgauiiun saudnisnisamuliauiaduniangdungs 1dlase
a 3 a Y a A o va v VW o
NILANLIUNYUAYINY; LazdIn Wald nu Ulam TlAnduwindunisann
dyayraeanainnszurunsilugnsegniaiuninazdunnnses 1o

This is the discovery this chapter's decade made, and it is the one that turns
problem-solving from a craft into an engineering discipline: the representa-
tion is portable. Once you have proven that resource allocation, diet plan-
ning, and factory scheduling are the same equation, you do not need a new
theory for each one — you need one solver, applied three times. This is also
why the unit of optimization stopped being the individual weapon, the indi-
vidual convoy, or the individual factory line, and became the system: the
whole convoy fleet, the whole depth-charge doctrine, the whole supply
chain. Optimizing a single ship's speed is a local trick; optimizing the
convoy geometry is a system-level insight that saves an ocean's worth of
tonnage. The operational researchers of the 1940s were the first people
paid, as a full-time job, to ask "what is the actual shape of this problem?"
before touching a single lever — and the answer, again and again, was that
the shape was smaller and more general than anyone doing the job by feel
had ever suspected.
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TH
N P = S ovy & v %
LAensAuNUNNAITTwUsUnilvinld wasilunisdunuiiUasunisundsymn
nauiliieliluavidainssu: representation Wuwnwle weigaiiuaain
N15IAATINSWEINT NITINUNUDINNT UATNITINAITNLTIUADANNTS
e nlddedinguiinidmivunazeds — desnsiunmiies Tdaw

Y Ao & = ] [ b4 = a < o =
Ass Ndadumanannievasnisusulimnsgaianiluesduien nause
YaLRe isaen1swAnaefied wainateluszuu: newserinedie wan
fouszidndnnavaniioy vaeldgunmuiaiaaly nsusuanusaveasedn

= % o = % a o a = % o
Wenlimnziganegnliianiziy; MsUusvindinuainadse limanzign
AB insight sEAUSEUUNYIBTEINUTINN LI LANIuaymNs UnIdeaniueu

. 1 = 1 M va = @
(operational research) ILINAITY 1940 ﬂaﬂuﬂquLLSﬂw"l,maumaumunm
Wenu31 "sUnseessveslandilifeasls” neuszunzAulendnAu — uazen
A S ' & 1A = A o o

MU ASILAIATIET AegUnsewannIwaziilundnlasianuninausiieg
ANMUFANLAYEIEY

The Move
NIUSLIIUN

Move 04 — Optimize the whole system, and measure before you optimize.

TH

Move 04 — USUNI58UU asinnaudsu

* Draw the boundary wide before you draw a single conclusion. Blackett's
team did not ask "how do we protect this ship" — they asked "how do we
protect this fleet,' and the right answer to the wider question (larger
convoys) was the opposite of the right answer to the narrower one.
Whatever unit you are tempted to optimize — a task, a ship, a plane — ask
whether the real unit is one level up.

* Distrust an intuition until you have measured the process that
generated your data. Wald's real insight was not a punchline about armor
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placement; it was refusing to treat "the planes I can see" as "all the planes
there are." Before optimizing anything, ask what filtered your sample.

* Look for the linear program, or the recursive equation, hiding inside
your problem. Kantorovich's lathes, Stigler's groceries, and Dantzig's lo-
gistics were one equation wearing three coats. When a problem feels be-
spoke, check whether a known general solver already fits it exactly.

* When exact search is hopeless, sample instead of guessing. Ulam's
solitaire hands and Metropolis's neutron simulations turned an un-
answerable calculation into a countable experiment. A large number of
honest trials beats a single confident guess.

TH

- anvaulwalindnnauazandeagudnte 7iuves Blackett Lildaudn "oz
Uniloaiedilegndls” — waniwrnnari "azuniosneaideiledals uaze
noufignuesdniuinirendt (neseluajiu) Aenseiwiudneuiignues
manufinaund lidezgnasliusumielnulimngiian — suistu 3o
wilsd inTesduninnses — IWawdmieassedgaiulusntuniesn

- st udedyvniauninzianssurunisinandoyavasnnuda insight
939v0¢ Wald laflgssanesSesumisininge suAenisufiasiiagiiod
"asesduiineadiuld” Ao "aTesduiauaiii deuszufverlslimunsdian
Tianuinezlsnsesdogneun

- nawnAmuAN1sIBad weaunsiSendn AideuegTulond iniesndsves
Kantorovich vas¥1ves Stigler uazladafndues Dantzig Avaunisiienil
aandeaui elandiAnmilougnimbunnians Tiasrviddudiialui
Finfuegualaunaniuliuniely

« iflensAumuuuusiugrAunds Tiduaragnaununsian Inaufsives
Ulam uaznssassiiansenvas Metropolis iWasunsiuaiineuldlali
\Hunmeaesiiiiuld nsvaassesdedndsiuiunnvusnsianesnasiule
Afaien
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EN

Next — Chapter 05 - The Algorithmic Path: the search that operations research
did with a slide rule, a new generation would do with a machine — and the
first machines that searched would need a theory of their own.

TH

welu — unfi 05 - FumeuUUSanesiu: msdumindesiiuauringae

Tussriaiiiou AuBniuazyhdieiniesing — uaziasasdnsnauusniidumlan

LADINITNG B VBIFD
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CHAPTER 05

The Algorithmic Path

LAUNIUUUD AN SN

Amsterdam, a café terrace, 1956
duAmasnu sztdgesunun U 1956

Edsger Dijkstra was twenty-six, shopping with his fiancée Ria, and tired. He
had recently taken a job at the Mathematisch Centrum in Amsterdam
demonstrating a new computer called the ARMAC, and he wanted a prob-
lem simple enough to explain to a nontechnical audience yet impressive
enough to show the machine earning its keep. Sitting down for coffee,
without pencil, paper, or access to a library, he set himself the question of
the shortest route between two Dutch cities and, in his own later telling,
worked out the solution in about twenty minutes (David Gries, "Edsger Dijk-
stra and the Shortest-Path Algorithm,” Cornell CS). The algorithm he
sketched that morning — grow a set of cities whose shortest distance from
the start is already known for certain, and at each step add whichever un-
visited city is now closest — is still, seven decades later, the default answer
whenever a computer needs to find the cheapest way from here to there.
He did not publish it until three years afterward, as a spare three-page note
that solved two unrelated graph problems in the space most papers need
for an abstract (Dijkstra, "A Note on Two Problems in Connexion with
Graphs," Numerische Mathematik 1 (1959)).

TH

Edsger Dijkstra o1yBaunn eenluiAugevesiu Ria ﬂ‘l/iilu"ll’é]\ilﬂﬂ wazwilow

WAL Mathematisch Centrum Tuduamasiu utiiidoasn

Aewiumasiasadlmide ARMAC uazundesnisTandiidenaazesuneliau
a 14 < C% 1 & dyil " dy 2/ &

uenanemalaisld usnuisevivlansazuansinaIastiquaniiaesly weila

aspunuwn Lisiduae Lifinszane lifiiesayalidu widsAiaiuduiesin
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}74 dl gj dl 1 =) o L4 I =) 174 dl 1
LaumqmummsmwLumﬂmammaaﬂaLauvlmu wagmuLaLedly
AYUAY Lsznﬂﬂmmauaaniummi'rmaumw (David Gries, "Edsger Dijkstra
and the Shortest-Path Algorlthm " Cornell CS) aaﬂasmuwmswmummuuu
— ADYY) mswaﬂqumaqwgszazﬁumqﬂmnqmmmuuuuauum wagyNNILA
aieandslulalugmeuillnafaadnly — Sadudneunsiusgauiisiull

I Y o O a a v A a Aav Ao .
RANAITTELNAS nnﬂiawﬂauwamasmmmmmgnmqﬂmnmu"LUmuu wly

yaa oo a Ay v Y A o ' ) Y
TaRRunduaudnaulsaun lugUlinauninndeuegnslseudn uwidaym

14 d' 1 d' % .21 d'd' 1 Y A 1 [ 1
nsdestenluineinuay Tuilennunanudulngldidsunaunange
(Dijkstra, "A Note on Two Problems in Connexion with Graphs," Numerische
Mathematik 1 (1959))

There is a pleasing, almost too-neat symmetry in the fact that a book called
The Shortest Path arrives, in its fifth chapter, at an algorithm literally named
for finding shortest paths, invented over coffee in less time than it takes to
read this paragraph twice. But the neatness is real, not manufactured, and it
marks the hinge this chapter turns on. Chapter 04 showed a generation of
scientists discovering that real-world problems — convoys, diets, factories
— could be captured as mathematical objects and solved by general-pur-
pose procedures. This chapter is about what happened next: those proced-
ures themselves became objects of study. People began asking not just
"does a method exist?" but "how good a method can exist, and how would
we know?" Search — the raw, brute business of trying paths through a space
of possibilities — became a subject with its own theory, its own proofs, and
eventually its own machines.

TH
= a & a % a % % Y & a a
fimnuanuasiimela — esvazseuieaiulumed — Tudeinaaiainii
N9F0%0 LHUNINAUNFA LAUNIAIUNTIILAILRDAUTANINUNAYIAIUNIT
widunsdunganses Andulasenineduniuwn Tunaniesninnlderugenin
fiansseu urnnuiseusesiiduvesss llddnain uazduouuiuiiuni

1 a Y @ v a o 1 = Y 1 a
nyuagul uni 04 wanslidutininermansgunilsaunuitlamilulanasa
— nBa3eAU gnse1ms 1senu — Suldnseulduingnisadnmansudun
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v gj ad v dyl v a dl a g ! gj gj ad 1
AgTUnpUIsNUSEAIR LA UnilindiedaiiinUusaaintiu: JunauIsvan
7 <@ W d' = a 1 11 Aad i n ' 1 "Qdd'
uwenareluingigndnw ausuaulilduaddn "Tigeglnu udaudn 350
= " = = v v ¥ 1 n v a a dl 4
AuAlnu Jsaziiogls uazisnazilasgnsls” n1sAum (search) — gsiafus Ny
o v ¥ a o/ 1 1 &' a 13 2/ [J
AasauluntsasAudunIewmeg lunuivesnudulils — nanewdu

a a a v = a L3 v a @ & Ly Y
FuNingufveRiies duniigarivesiaes wavlunaaniiniesdinsvessiies

The Man Whose Name Became a Word
yregidenanaduaidwm

The word for what Dijkstra did that morning — devise a step-by-step
procedure guaranteed to reach a correct answer — is algorithm, and the
word has its own long detour before it lands in a computer science course.
TH
o A & A . o v v & a ¥ aaa Yy Ao Y =
A38NENN Dijkstra idiuiu — AnduneulsfiazAmnsulseiuinayluis
Ameufigndes — Ae danesiiu uazAliniiniedonsnae vesilesiouazin
aesluia s EUINGINITABUNIADS

It comes from the Latinized name of a ninth-century scholar working in the
House of Wisdom in Baghdad: Muhammad ibn Musa al-Khwarizmi. His
treatise on Hindu-Arabic numerals, translated into Latin as Algoritmi de nu-
mero Indorum, gave medieval Europe both a new way to calculate — the po-
sitional decimal system, replacing Roman numerals — and, eventually, a new
word: algorismus, referring at first specifically to arithmetic done this new
way. Only much later, in the twentieth century, did "algorithm" widen into
its modern sense: any finite, unambiguous, mechanically executable
procedure for solving a class of problems (findanexpert.unimelb.edu.au,
"Why are algorithms called algorithms?"; NPR, "How ‘algorithm' got its name
from a 9th-century Persian mathematician"). Al-Khwarizmi's other great
book gave mathematics the word algebra, from al-jabr, "completion” or "res-
toration" — a term for the operation of moving a quantity from one side of
an equation to the other. The scribes of chapter 01 wrote down individual
solved problems as teaching examples; al-Khwarizmi wrote down the pro-
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cedure itself, stripped of any particular numbers, so that it could be applied
to numbers no one had thought of yet. That abstraction — the method as an
object in its own right, portable across every instance of a problem — is the
direct ancestor of everything in this chapter.

TH
fusnandeluglasiuvesinuswalanisseiiingvinaueglutuuisiyan
(House of Wisdom) fuunuan: Muhammad ibn Musa al-Khwarizmi #5184
WIIIAELAYEUR-815UN 6‘2’;agﬂuﬂau“]uazaﬂu% Algoritmi de numero
Indorum weuTiglsUganasisismunuuuln — seuunadoudeiumie
fuunuavlsiu — uazlufigafueuslusidmia: algorismus Famauusn
mnedaavadnivideisiilasiaws ndrdi malgorithm” YYIYUNG
anumneaslnifdessefrnissuiay: duneuialag Afsuwaudsin
aifnau wazesessnsvihanald dnsunAdamiadu
(findanexpert.unimelb.edu.au, "Why are algorithms called algorithms?";
NPR, "How 'algorithm' got its name from a 9th-century Persian
mathematician") nils@erauluaidniauweg al-Khwarizmi soud131 algebra 11
AfnAERS 11910 aljabr Auain "msidnliasy” ¥de "nsaudnIW" — dnei
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nenfavanzeenuun welnenluldiuduauiidslilasingsle sl
Wuunusssunuutiu — 38lugueTngiifanuzvosiues snluldldrunnsu
Aumug (instance) waetlgynn — ﬁausswqgwmamwamnasiqﬂuumﬁ
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The Primitive Moves: 5weepmg Outward, Plunging Deep
INugIu: n11neanlusauna NuAineasdn

Before Dijkstra's algorithm, and underneath it, sit two even more basic
strategies for exploring a space of possibilities, and it is worth naming them
plainly because everything more sophisticated in this chapter is built from
them.

TH
¥

1 % a .o Y = o A 3 2.’1 a
N2UANDINUVDY Dijkstra LLasagﬂmuuaﬂﬂ UNAYNBTNUZIUNITUUDNEAD

1 o v o é{’ .:4' @) % = = Y v
agdmsudrTanunvesnudulUld wazaisisentediulitn wsznn
aganNgudaunItuUluuNlas 19T UNAD 908191

Imagine a maze, or a family tree, or a web of friendships, represented the
way chapter 02 taught Euler to represent Konigsberg: as a graph of nodes
and connecting edges. Breadth-first search starts at one node and explores
outward in expanding rings — first everything one step away, then
everything two steps away, and so on — guaranteeing that the first time it
reaches any given node, it has found the shortest possible route to it, meas-
ured in number of steps. It was reinvented for exactly this purpose in 1959
by Edward F. Moore, who wanted a mechanical way to find the shortest way
out of a maze, though a similar idea had been buried, unpublished, in
Konrad Zuse's rejected 1945 doctoral thesis (Wikipedia, "Breadth-first
search"). Depth-first search, by contrast, commits to a single path and fol-
lows it as far as it can go before backing up — plunging down one corridor
of the maze to its very end before trying another. It has no built-in guaran-
tee of finding the shortest route, but it uses far less memory to run and, in
the hands of Robert Tarjan and John Hopcroft in the early 1970s, turned out
to unlock efficient solutions to a surprising range of graph problems, from
testing whether a map can be drawn without crossing lines to finding a
network's structural weak points (Wikipedia, "Depth-first search").

TH

=< =2 =) £ =) o v d'l d'
A93lNAUYIING NIBUNURINTENEA WSO luANUFNNUSVOIWOUR NigNUNU
Ae3SIReINUTIUNT 02 18171 Euler unu Konigsberg: Wunsmvasluuaiv
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\duou AUAINAIINNIN (breadth-first search, BFS) 13ufllnuanilauan
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Neither strategy knows anything about the problem it is solving beyond the
bare shape of the graph. That ignorance is their strength — they work on
any graph whatsoever — and their weakness: they waste enormous effort
exploring directions that, to anyone who actually understood the problem,
would look obviously hopeless. Dijkstra's algorithm is breadth-first search's
more disciplined cousin, expanding outward not ring by ring but always to-
ward whichever unvisited node is currently cheapest to reach — which is
why it finds not just a short path but provably the shortest one, for any
graph where distances are never negative.

™
wiansnaynsliferlsiasiiefutagmimaus uonainguinaudis ves
sl annalaififufegauds — suldldfunsmnnuialidnsdunsmerls —
wagAogngou: funangussumaalufunsdsafiensilashiaudidile
Haymna3eq azdiuriuiiinlianumds Sanesfiuves Dijkstra Aeqy Riiiinunin
204 BFS fuvenseaniuliilaiiazas usidslus duuniisslildlugameniluddls
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A Mouse Named Theseus
o A
UYAINUIYD Theseus

Six years before Dijkstra's coffee, at Bell Labs in 1950, Claude Shannon —
already famous for founding information theory — built a smaller, stranger
monument to the same idea: a maze-solving mechanical mouse he named
Theseus, after the hero who navigated the Minotaur's labyrinth by
unspooling a thread behind him.
TH
untneununaeiiues Dijkstra 7 Bell Labs Tul) 1950 Claude Shannon — &
fiteidssnguinnsiesamguiasaumea — afrseyanidvesloidie
Wearuiidnnduasuuanndt: synalaudlvnanediuidadodn Theseus A
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Theseus was, mechanically, a magnet wrapped in a metal shell, dragged
along underneath a re-configurable five-by-five maze by an electromagnet
hidden beneath the floor, itself driven by a bank of telephone relays func-
tioning as memory. Released into an unfamiliar maze, the mouse would
blunder forward, bumping walls, backing up, trying again — a physical en-
actment of depth-first search with backtracking — until it stumbled onto a
hidden slice of "cheese" that closed an electrical contact. But every turn it
made was recorded in the relay memory as it went. Reset to the start of the
same maze, Theseus would now glide directly to the goal without a single
wrong turn, having converted its earlier blind search into a stored, reusable
solution (cyberneticzoo.com, "1952 - 'Theseus' Maze-Solving Mouse -
Claude Shannon"). This is worth pausing on, because it is a genuinely early
and genuinely physical demonstration of the idea that would come to define
machine intelligence: search followed by memory is learning. The first pass
through a space costs the full price of exploring it. Every later pass can
spend that stored knowledge instead of paying again — the same insight, in
miniature and in copper wire, that would let Bellman's dynamic program-
ming (chapter 04) avoid resolving identical sub-problems, and that lets a
chess program in chapter 10 remember a position it has already evaluated.
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Optimism That Never Lies
arsuadlanlundnnlimalnnin

Dijkstra's algorithm is exhaustive within its expanding frontier — it never
skips a node that might turn out to matter — and that thoroughness is also
its limit. On a graph with millions of nodes, exploring "everything closer
than the current best" before considering anything farther away wastes ef-
fort in every direction that has nothing to do with where you are actually
trying to go.

TH
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The fix arrived in 1968 from a robotics project at the Stanford Research In-
stitute, where researchers Peter Hart, Nils Nilsson, and Bertram Raphael
were trying to give a mobile robot named Shakey — one of the first ma-
chines able to reason about its own actions in a real room — a way to plan
efficient routes around obstacles without exploring the entire building's
floor plan every time (Engineering and Technology History Wiki, "Mile-
stones: SHAKEY: The World's First Mobile Intelligent Robot, 1972"). Their al-
gorithm, which came to be called A (pronounced "A-star"), adds one ingredi-
ent to Dijkstra's method: at each step, instead of ranking unexplored nodes
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purely by the distance already traveled to reach them, A ranks them by that
distance plus a guess — a heuristic estimate of how much farther the goal
must still be. On a road map, the straight-line, "as the crow flies" distance to
the destination is a natural guess: it is easy to compute and it can never
overestimate the true remaining driving distance, since no road is ever
shorter than a straight line between the same two points.

TH
nauAuastul 1968 21nlAsIN151UBUAT Stanford Research Institute 713
1in338 Peter Hart, Nils Nilsson wag Bertram Raphael wengnaliviugus
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A9d1579KINUNIIA15Y)NASI (Engineering and Technology History Wiki,
"Milestones: SHAKEY: The World's First Mobile Intelligent Robot, 1972")
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That last property — never overestimating — is the entire secret, and it is
worth explaining in plain terms because it is one of the most beautiful small
theorems in this book's whole story. A heuristic with this property is called
admissible: it may be wrong, but it is never wrong in the optimistic direction
beyond the truth — it can underestimate the remaining distance, but it can
never claim a path is shorter than it actually is. Give A an admissible heur-
istic, however crude, and it is mathematically guaranteed to still find the truly
shortest path, exactly as Dijkstra's algorithm would, while typically exploring
only a sliver of the space Dijkstra's algorithm would have to touch. The heur-
istic doesn't need to be right. It only needs to never lie in the direction of false
hope. Optimism, bounded so it can never overshoot the truth, turns out to be
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free — you get to search faster and you are never fooled into a wrong answer.
Hart, Nilsson, and Raphael's original 1968 paper, "A Formal Basis for the
Heuristic Determination of Minimum Cost Paths in Graphs," struggled to find
a journal willing to publish it, and Raphael, frustrated, eventually helped
found a new Al journal partly so the paper would have somewhere to appear
(IEEE Transactions on Systems Science and Cybernetics 4, no. 2 (1968); doi
10.1109/TSSC.1968.300136). A now runs, in one variant or another, inside
video game pathfinding, logistics routing, and the descendants of Shakey
still driving across the surface of Mars.

TH
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Machines That Prove Theorems
LAS2IINSNNFIUNG R UN

While Shannon's mouse learned mazes and Dijkstra timed his coffee, a sep-
arate group at the RAND Corporation was attempting something that, in
1955, sounded closer to science fiction than engineering: teaching a
machine to do mathematics.

TH

]
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Allen Newell, Herbert Simon, and the programmer Cliff Shaw set out to
build a program that could prove theorems in formal logic — specifically,
theorems from Principia Mathematica, the monumental three-volume at-
tempt by Alfred North Whitehead and Bertrand Russell to derive all of
mathematics from a small set of logical axioms. Their program, the Logic
Theorist, represented each logical statement as a tree-shaped data struc-
ture and searched through chains of substitution, detachment, and infer-
ence rules — the same problem-space idea chapter 00 traces to Newell and
Simon's later theoretical work — hunting for a sequence of legal steps con-
necting the axioms to the theorem to be proved. Because the space of pos-
sible deductions explodes combinatorially with every added step, Newell
and Simon needed a way to prune obviously unpromising branches, and
borrowed a word for the rules of thumb they used to do it: heuristics, a term
Newell had encountered in George Polya's How to Solve It, the handbook
chapter 03 covers in full (Wikipedia, "Logic Theorist").
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1ane) 1UsUATUYRININLYT Logic Theorist WUdaANUNIRSINEUAaTdonIY
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N1TOUNIU — Li‘Ju"LaLﬁsﬁluﬁﬂzym (problem space) Suiignfiufiunii 00 du
Foulufsnunguilunendsvas Newell #u Simon — iiveangdufinadign
nfndadoudanadidniunquiiuniidesiigell nsrziuiivesniseyuuiiu
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U84 George Pdlya @:ﬁaﬁuw‘ﬁl 03 ﬂiaUﬂqﬂ’stﬁuﬂ (Wikipedia, "Logic
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Completed in 1956, the Logic Theorist went on to prove 38 of the first 52
theorems in Chapter 2 of Principia Mathematica — and, in one case, found a
proof more elegant than the one Whitehead and Russell had labored over by
hand. The theorem is commonly cited by the number 2.85, although a docu-
mented note on Wikipedia's account points out that in the original 1910 and
1963 Cambridge editions of Principia the same theorem is actually
numbered 2.53 — a small numbering discrepancy in the popular retelling
worth flagging exactly because this book asks its readers to distrust anec-
dotes that have been smoothed in the retelling. What is well attested is Rus-
sell's reaction: Simon showed him the machine's shorter proof, and Russell
reportedly responded with delight. The two men then tried to publish the
new proof in The Journal of Symbolic Logic, only to have it rejected on the
grounds that a new proof of an elementary theorem was not a notable res-
ult — the reviewers apparently missing, or unmoved by, the fact that one of
the "authors" credited was a computer program (Wikipedia, "Logic Theor-
ist").
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Wikipedia 431luatu Cambridge U 1910 waz 1963 va4 Principia ngejunde
= v Ad a a & = =
Wenfiulinaslinuneiay 2.53 — Wuanuraiandsuans vesnuigaylu
& P 1 = Y @ LS| 1 24’ VY il
IFeuEMUNIIaNY Fanasneeaniiiu insienisdaauilveliisulilila
< 1A v 2 = 1 1 1 8 da o v A aaa
insaLangndalinseuluseninanisiande Asninangiusessuineufisen
v84 Russell: Simon t1UnWgaundunivewasodliiung wasiisneauii
Russell AoUsUMEAMNBURA 3 nUUNIaRIAUNEIuAn AU ngauTvsily
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(Wikipedia, "Logic Theorist")

Newell, Simon, and Shaw followed the Logic Theorist with a more ambitious
successor between 1957 and 1959: the General Problem Solver, or GPS, in-
tended not merely to prove logic theorems but to tackle any problem ex-
pressible as a set of states and legal operators — the general problem-space
formalism this book leans on throughout. GPS's central technique, means-
ends analysis, is simple to state and turned out to be extraordinarily dur-
able: compare your current state to your goal state, identify the single
biggest difference between them, and select whichever available operator is
known to reduce differences of exactly that kind. Solve the biggest gap first,
then repeat on whatever gap remains. It is, in miniature, a general-purpose
engine for narrowing an enormous space one deliberate step at a time,
rather than wandering it at random (Wikipedia, "General Problem Solver";
Wikipedia, "Means-ends analysis"). GPS eventually ran into the same wall
every general method runs into — later chapters, especially 06, will explain
why generality and efficiency pull in opposite directions — but the tech-
nique it introduced still shows up, essentially unchanged, inside modern
automated planning systems.
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Five Bets About the Shape of the Space
WANWRIINIBFUT19YDINUN

Step back from any single algorithm in this chapter and a shared logic be-
comes visible: every search strategy is, underneath its details, a bet about
what kind of space it is searching. Naming the bets explicitly turns them
from a grab-bag of tricks into a genuine toolkit, one you can hold up against
a new problem and ask which bet fits.
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Greedy algorithms bet that making the locally best choice at every step,
without ever reconsidering it, will add up to a globally good result. This is a
dangerous bet — it is easy to construct problems where it fails outright —
but when a problem's structure guarantees the bet pays off (a property
mathematicians call the matroid or exchange condition in the cleanest
cases), greedy strategies are unbeatable for their simplicity and speed. Dijk-
stra's algorithm is, in this light, a greedy algorithm that happens to be
provably safe: always finalize whichever unvisited node is currently
cheapest, and never look back.
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Divide-and-conquer bets that a hard problem can be split into smaller,
structurally identical copies of itself, solved independently, and stitched
back together. It is the strategy behind fast sorting and multiplication
algorithms, and its bet is about decomposability: does solving the pieces
really tell you how to solve the whole?
TH
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Dynamic programming, which chapter 04 introduced through Bellman's
principle of optimality, bets that a problem's sub-problems overlap — that
the same smaller question will recur many times inside a larger search —
and that storing each answer the first time it is computed will save enorm-
ous repeated effort later. Where divide-and-conquer's pieces are independ-
ent, dynamic programming's pieces share work, and the technique exists
precisely to avoid redoing that shared work, the way Shannon's mouse
never re-explored a corridor it had already mapped.
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Backtracking bets that a space can be searched depth-first, provided the
search can recognize a dead end early and retreat before wasting further
effort down it — the disciplined version of what Theseus did by trial, bump,
and correction.
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Branch-and-bound, formalized in 1960 by Ailsa Land and Alison Doig for
problems requiring whole-number rather than fractional solutions, bets
that you can compute a cheap bound on how good any solution branching
from a given partial choice could possibly be — and use that bound to prune
away entire branches of the search tree without ever visiting them, the in-
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stant the bound proves they cannot beat a solution you already have in
hand (Wikipedia, "Branch and bound"). It is A*'s admissible heuristic, gener-
alized from finding paths on a map to finding optimal points in a much
wider variety of combinatorial spaces.
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Awessulinsdumiidlaglideadilugias uifiveulwaigaiinfeiugue
ﬁﬁmauﬁﬁaagﬁluﬁauﬁﬂafﬁ (Wikipedia, "Branch and bound") siufe
admissible heuristic 704 AV* fignvinlialudu annasudumauuusui T
énﬂswﬁqﬂquﬁxﬁqﬂiuﬁuﬁL%ams%’wg:ﬁwmﬂumﬂn'j'}mn

Five bets, five different guesses about the hidden shape of a problem space.
None of them is "the" right way to search; each is the right way when its bet
about the space happens to be true. Reading a new problem well enough to
know which bet applies is, itself, most of the skill this book is trying to
name.
TH
¥ oA o oA v A o oA e A X e
WRuWL Aeinisimnasiuielnuusageusguasnunlymn lidsu
T duisAumingn "sutu’; usazdugn disiuwuvesiuferiununvudey
1 a 1 M va V1 a [ Y v v a Y P
Wuass msetymindlafweasiinaunuluulala fsiuesderinueiiou

u
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An Algorithm Is a Heuristic That Earned a Proof
danasiiufe heuristic Nuungalala

There is a temptation, looking backward from a world of route planners and
chess engines, to treat "algorithm" and "heuristic" as opposites — one rigor-
ous and guaranteed, the other a rough guess that might fail. The history in
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this chapter argues for a different picture. Dijkstra's algorithm began as an
informal insight about which city to visit next; what made it an algorithm,
rather than a hunch, was that Dijkstra could prove the insight always
worked. A*'s heuristic estimate is explicitly, by name, a guess — yet paired
with the single provable property of admissibility, that guess becomes part
of an algorithm with an ironclad optimality guarantee. Newell and Simon's
‘rules of thumb" for pruning theorem-proving searches were heuristics in
the older, looser sense: useful, unproven, sometimes wrong. The field's en-
tire maturation across this chapter is the slow conversion of hunches into
guarantees — not by abandoning intuition, but by discovering exactly which
intuitions can be proven never to betray you.

TH
aa oA 1% Y} Ao v = <
Nidsaeleeg onsdaunauanlanNHAIUNUELINIUAZIATEEUA
wuIngn Nezdiedn "danesiin” Au "heuristic” 1WuTINSITIU — 0819ila
Wunauaziuussiuld dnedradumsiamenuy fimmanann UseiRaanslu
A a o = ) a e .. a . 18
uniifieslinwdniuu sane3vinved Dijkstra 15ua1n insight wuuluidu
n1an1sIarsiuidiaslnuse; Aanvinlriududanasnuwnunasiduatsdavisal
@@ Dijkstra Wgaillaa1 insight uuldldiaue AUszunaLUU heuristic Y09 A\*
Wunsinegralameniuntie — uanwedudiuamauliiningodladedsfe
. ol epe Y < 13 1 = [ A Ao [ 1 Y o
admissibility nsiaiuinaeiludiunilewesdanesiunsuusenuinlaa

1
a

aeuMIETignagindalaild ngandoydriinuas Newell fu Simon fildiinRs
TunrsAumunigaunguijun u heuristic Tumuvanefinaaundn:
Usglon] 5laiigand uagunsiindn maiiulavesavniinaenaunienis
fowq wlasansdasallndunssuuseiu — ldlddenisitadayvinaal us
densduliaeidyregadelmuiuiingdliiesbiffunsea

This is also where the algorithmic tradition begins to separate from the op-
erations-research tradition of chapter 04. Linear programming and dynam-
ic programming solve well-defined numerical optimization problems. The
algorithms in this chapter solve search problems over discrete, often com-
binatorial spaces — mazes, graphs, logical proofs, game positions — and
their central discovery is that the structure of the space itself (its distances,
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its overlapping sub-problems, its decomposability) determines which
search strategy can be proven correct and fast. That discovery sets up the
next and darker discovery, waiting in chapter 06: some spaces have no ex-
ploitable structure of this kind at all, and no amount of cleverness can
manufacture one where none exists.

TH
e’l’ dl I a o a QI = a o o a

M3l ITIs TSN LTI AN D3 NUEULINDDNAINGTTULTBUITAL T
(operational research, OR) 984U 04 AuuAn15LBLEY (linear
programming) tag dynamic programming LLﬁ"Uiy‘Vi’lﬂ’lS‘Vi'lﬁi'lmu'wﬁEjﬂL%\‘i
sauntenulidaiau danesiuluuniuidannisaunuununlinetioss
fnfudensdang — w1ena N5 UNWEeINRSINE FunlIuLnTEAY
— wazn1saunulanansusswindune TAS9a319V0INUNLEIRAIAIN (5282
nsluiy Jymngesidouriuiu anuwendiuldvesdu) nAivuainnagnsnis
Aunmuuulnuezigallaingnuaziss nsAunutiuymislugnisaunudalud
innd1 Feseegluuni 06: wunuwuulidilassadtallildussleviiay

[ i @ a o X A A = M v
waglidnazaaiaualuunndadudusinlunnludlyle

The Move
NIUSLAIUN

Move 05 — Order the search: exploit structure so good paths come first.

TH
v

Move 05 — 3Aa1AUNITAUNT — 1B 1ASIAS1I9AAUNINNATULIN DU

* Name which of the five bets fits your space before searching it. Overlap-
ping sub-problems call for dynamic programming; decomposable ones
call for divide-and-conquer; a provably safe local choice calls for greedy;
anything else usually calls for backtracking or branch-and-bound.
Guessing the wrong bet wastes the search before it starts.

* When you must guess, guess optimistically but never past the truth. A*
shows that an estimate need not be accurate to be useful — it only needs
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to be admissible. An honest lower bound on remaining effort is worth
more than an unreliable "best guess."

* Remember what you have already searched. Shannon's mouse and Bell-
man's functional equations share one lesson: the first pass through a
space is allowed to be expensive, provided nothing forces you to pay for
the same sub-problem twice.

* Distinguish a real guarantee from a plausible heuristic, and say out loud
which one you're relying on. The Logic Theorist's "rules of thumb" and
Dijkstra's proven-optimal frontier are both search strategies — only one
of them promises it cannot be wrong.

TH
a = Yi a o v Yy v v o A A ' a v Y
- Sendalilainfuiude luuluindandununvssnn neuazisuAurIIiY

Ueymeeengousiuiuisannn dynamic programming; Jeyvndinenadiulé
ISENUILUILAINTR; AadaneniziunigaulainUasndeisunyi greedy;
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UBNUUUNLIBNN backtracking 1158 branch and bound A15LANLAUNUNAAD
ASNAUATAUINIAUAEIL3ITY

< iladaam aaenTundd udraeANese AV wansdiifiuindUssana
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EN

Next — Chapter 06 - The Wall: not every space bends to a clever order of
search. This chapter's algorithms all found structure to exploit — the next
chapter meets problems with no exploitable structure at all, and asks what a
solver does when the space itself refuses to get shorter.

TH

palu — uni 06 - Auws: ladldynunnazeeulAdviaisunisAunsuyay
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Yy lifilassadrelwldussloviias wazanuininuatymivinedslside
A A a = )

WuieIUfiasnazdua
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CHAPTER 06

The Wall

ANY

A letter to a dying man
AAUUIYAIVIYNNIAIILAY

In the spring of 1956, John von Neumann was fifty-three years old and dying
of cancer, confined increasingly to Walter Reed hospital, his once-astonish-
ing productivity narrowing to whatever his failing body would allow. Kurt
Godel — his old friend from Vienna, the logician who had shattered Hilbert's
dream of a complete and consistent mathematics twenty-five years earlier
— wrote to him that March, and by most accounts the letter was partly an
attempt to give a brilliant, dying mind something to chew on besides its
own decline.
TH
faluldnal 1956 John von Neumann aginduaiuuazinasagaienielse
< [ X 4 = | =t
UL Qﬂﬂﬂ@gﬂﬂiiﬂWU’]U’]a Walter Reed UINVULIBYE] NAITUNEAYUTINNUBDY
A " A = o w Y o .. & 1
\WIMARINREDINTITINNBTIRaIMInazaanlivin Kurt Godel — iawinan
ReuL UnRsININGIRUAURLYEY Hilbert 15a9ntinAansNATUaILLAL
% o % A Aa v oA = = =
ﬁaﬂﬂaﬁlﬂum’]LE]\ﬂﬂLLG]ﬂVL‘ULNE]EJﬁUMWUﬂE]u — Weuannunenavluieau
fumuluu wazauaiusniatdiulug anunisaluludiuniisfeniny
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ANULFDUNDYVDIAINULD

The question Godel posed was technical, almost casual in its phrasing, and
it would take computer science another decade and a half to realize what
he had actually asked. Consider a mathematical statement of a certain
length. Checking whether a proposed proof of that statement is correct can
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obviously be done quickly — you just verify each step. But how long does it
take to find a proof at all, if one exists? Godel wanted to know whether this
search could always be done in time roughly proportional to the length of
the statement (or its square), rather than growing explosively as statements
get longer. He was, in effect, asking whether finding is fundamentally harder
than checking — the question that decades later would be given the name P
versus NP (Cornell eCommons, "Godel, von Neumann and the P=?NP Prob-
lem"; Panda Notes, "Godel's Letter to von Neumann"). Von Neumann died
the following February. Whether he ever replied is not known; no response
survives. The question sat, essentially unnoticed outside a small circle, for
fifteen more years.

TH
o = .. Y ° a a = A < ' 1
AU Godel AnduAraudamaiia Weuoanuiouazlun1sieerIue
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Wi A0INIITUIVIAMUNNANNAIANTNTAIUL 1AM N15ATIAIIUN
wgaunilauaueudmiudennuiugnaewmselil virldisregudegraiula
T — WANTIVEBUTIAZNATY winIsIUNgIlileasauaay ddiulied Tdaan
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NP (Cornell eCommons, "Godel, von Neumann and the P=?NP Problem";
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This chapter is about what happened when the question was finally
answered — not solved, but given a precise shape and a name — and about
the strange, double-edged discovery that followed: that some problems
appear to resist every clever reframing this book has celebrated so far, and
that this resistance, once proven, becomes a kind of knowledge in its own
right.
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One Disease, Many Symptoms
Tsafign a1n15u1NUY

The formal birth of the field came in 1971, when Stephen Cook, then at the
University of Toronto, published a short paper titled "The Complexity of
Theorem-Proving Procedures." Cook studied the Boolean satisfiability prob-
lem, SAT: given a logical formula built from variables that can each be TRUE
or FALSE, connected by ANDs, ORs, and NOTs, is there some assignment of
values that makes the whole formula true? Checking a proposed assignment
is trivial — plug in the values and evaluate. Finding one, when the formula
has thousands of variables locked together by thousands of constraints,
seemed to require something close to trying all possibilities.

TH

4 o a e X a = & =
nsteniinagradunismsvasanviliialul 1971 wie Stephen Cook @4
MAUUUBET University of Toronto ANNWUNAINAUYD "The Complexity of
Theorem-Proving Procedures" Cook Anwigymaiuaanadedlanuuya
(Boolean satisfiability) 38 SAT: AMAUAZATATINTNAS1INAIMUITTILGALF
\Uu TRUE w30 FALSE 16 iWeufiufag AND, OR uag NOT — finmsriuunaisn
Tayanianivinlignsiisgasidussasela nsasranisivuamidusuntiu
eun — unuatadluudusediu usnisunisiuuaridnsgn Wognsi
Y 13 v o A’ Y v Y4 ¥ o w 13 [ ¥ v ! 14
sauusiluuiinaenidisieiuiietediialuiude gavsdeddeslsnlng
ireaun1sassynaudulula

Cook's insight was not to solve SAT faster. It was to show that SAT is, in a
precise sense, the hardest problem of its kind: any problem whose solutions
can be quickly checked (this class is called NP, for "nondeterministic poly-
nomial time") can be systematically translated — "reduced" — into an equi-
valent instance of SAT, using only a modest, efficient amount of computa-
tion to perform the translation. If you could solve SAT quickly, you could
solve anything checkable-in-NP quickly, by first translating it into SAT. This
property earned SAT the label NP-complete: complete, in the sense of
capturing the full difficulty of the entire class (GeeksforGeeks, "Cook-Levin
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Theorem"). Working independently and in near-total isolation behind the
Iron Curtain, the Soviet mathematician Leonid Levin arrived at essentially
the same result at almost the same time, framed slightly differently, around
1973 — a discovery so cleanly convergent that the result now carries both
names, the Cook-Levin theorem, an acknowledgment that important math-
ematical truths sometimes get discovered twice by people who have never
read each other's work.

TH
J & .. ' v v X = '
AU (insight) 984 Cook lailainnsud SAT TI523u unAen15UEAIIT SAT
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Anauliisa (ranaiiisendn NP 8210 "nondeterministic polynomial time")
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18157 Audeglsnmuinasialalu NP 10152 denisudadudu SAT Aeu
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8BUFUINIAINITINIANNAIEANTNAIAYUNATIgNAUNUADITEU TneAuili
LAYBIUITUYDINULAZAY

It helps to make the checking-versus-finding distinction concrete with
something more familiar than Boolean formulas. Take a hard Sudoku puzzle.
If a friend hands you a completed grid and claims it solves the puzzle, veri-
fying the claim is almost mechanical: scan each row, column, and box for
repeated digits, and you are done in seconds, however large the grid. But
finding that completed grid in the first place, starting from a sparse set of
clues, can require searching through a genuinely enormous space of can-
didate fillings — there is no known shortcut that scales as gracefully as the
checking does. Sudoku, scaled up to arbitrary grid sizes, is itself known to
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be NP-complete. Every problem on this chapter's list shares that same lop-
sidedness: an answer that is cheap to confirm and, as far as anyone has
proven, expensive to construct.

TH
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What a reduction actually does, in the vocabulary this book has been build-
ing, deserves to be named as a move in its own right, because it is one of
the most powerful weapons a solver can pick up. A reduction says: your
problem, however unfamiliar it looks, is secretly a disquised copy of a problem
someone has already fully understood. Translate your instance into the
known problem's language, solve that, translate the answer back. This is the
same act of recognition that let chapter 04's operations researchers see a
plywood mill and a wartime diet as the same linear program in different
clothes — except here the recognition cuts the opposite way. Instead of
finding a shortcut, a reduction can prove that no shortcut is possible, by
showing that your problem is at least as hard as one already known to resist
every attempt at a shortcut.
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Karp's Rogues' Gallery

nOR518904 Karp
U

Cook's theorem proved that one problem, SAT, was the hardest of its class.
It took Richard Karp's 1972 paper, "Reducibility Among Combinatorial
Problems," to show the world how crowded that class actually was. Karp
took Cook's result and, using nothing but a chain of reductions, showed that
twenty-one further problems — familiar, practical, seemingly unrelated
problems that engineers and planners had been quietly struggling with for
years — were all secretly NP-complete too (Karp, "Reducibility Among Com-
binatorial Problems" (1972); Wikipedia, "Karp's 21 NP-complete problems").

TH

naufiunuas Cook Rgatiintiamdants Ae SAT sniigaluranavosiiu fa
59UNAUU 1972 Y84 Richard Karp o "Reducibility Among Combinatorial
Problems” feazuanslilanifiuinpanatuuesaudlniaien Karp ndunavas
Cook 11 w&ldiBsldvesn1sangUWinty uansirlymandauidate —
Haymiduias Tnusss wazgliiReafuas Geimnsfuinmasupusuiy
suRsug uvatet — drudu NP-complete mﬁauﬁ’uwmhamﬂﬁlﬂsi
(Karp, "Reducibility Among Combinatorial Problems" (1972); Wikipedia,
"Karp's 21 NP-complete problems")

Karp's list reads like a tour of applied mathematics: whether a graph can be
colored with a given number of colors so that no two connected nodes
share one; whether a set of items can be partitioned into two piles of equal
total value; whether a network can be covered by a small set of chosen
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nodes touching every edge; whether a Boolean formula in a certain restric-
ted form is satisfiable at all. These problems had been attacked, separately,
by graph theorists, operations researchers, and logicians who had no par-
ticular reason to think their struggles were connected. Karp's chain of re-
ductions revealed they were all the same disease wearing twenty-one dif-
ferent costumes — precisely the discovery chapter 04 celebrated in Kan-
torovich's plywood and Stigler's diet, except that here the shared identity is
a shared curse rather than a shared shortcut. If you found an efficient al-
gorithm for any one of them, you would have found one for all of them, and
for every problem in NP besides. Nobody has ever found one. Nobody has
proven that nobody can. That gap — between decades of failed attempts
and a rigorous proof of impossibility — is exactly where the Millennium
Prize question lives.
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The Million-Dollar Question
AnUKNATUAaaNS

In 2000, the Clay Mathematics Institute selected seven problems it judged
to be the deepest open questions in mathematics and placed a one-million-
dollar prize on the first correct solution to each. P versus NP is one of the
seven — formally, does every problem whose solutions can be efficiently
verified also admit an efficient method of discovery? — and as of this writing
it remains unsolved, one of six of the original seven still standing; only the
Poincaré conjecture has fallen, to Grigori Perelman in the early 2000s (Clay
Mathematics Institute, "P vs NP"; Wikipedia, "Millennium Prize Problems").

TH
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Institute, "P vs NP"; Wikipedia, "Millennium Prize Problems")
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The traveling salesman problem has become this chapter's emblem, and for
good reason: it is easy enough to state to a child (find the shortest possible
route visiting every city on a list exactly once and returning home) and hard
enough that no one has ever found a way to solve it exactly, for large in-
stances, that beats trying an amount of work growing explosively with the
number of cities. It sits, alongside SAT and Karp's twenty-one, on the far
side of the wall — not proven impossible to solve quickly, but proven exactly
as hard as every other problem in the same enormous, unresolved family.
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It is worth pausing to be honest about what "the wall" actually claims, be-
cause it is easy to overstate. Nobody has proven P # NP. It remains logically
possible — though almost no computer scientist believes it — that some in-
genious algorithm for SAT is waiting to be found, and that finding it would
efficiently solve every problem on Karp's list and every problem like them at
a stroke. What has been proven, with total rigor, is the equivalence: solve
one member of this vast family efficiently and you have solved them all. The
wall may or may not be permanent. What is certain is that it is the same
wall, everywhere you press against it.
TH
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Life Iat the Wall
FANNLBINLLNG

If the theory stopped here, this would be a chapter about despair: a proof
that a huge swath of practically important problems cannot be solved ex-
actly and efficiently, full stop. What actually happened next is more inter-
esting, and it is the part of this chapter's story that keeps this book's central
thesis alive even at its darkest point — because solvers, faced with a wall,
did not stop. They found doors.
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The first door is approximation: give up on finding the provably optimal an-
swer and settle, deliberately, for a solution guaranteed to be within some
fixed, known factor of optimal. In 1976, Nicos Christofides published an al-
gorithm for a common variant of the traveling salesman problem — one
where the triangle inequality holds, meaning a direct route between two
cities is never longer than a detour through a third — that is guaranteed to
find a tour no more than 50 percent longer than the true shortest possible
tour, no matter the instance. Remarkably, more than four decades later,
Christofides' 1.5-factor guarantee for this problem had still not been beaten
by any published algorithm as of the early 2020s, a striking testament to
how hard even bounded progress on an NP-complete problem can be (arXiv,
"A historical note on the 3/2-approximation algorithm for the metric
traveling salesman problem"). An approximation algorithm does not defeat
the wall. It negotiates terms with it: not the best answer, but a provably
good-enough one, delivered in a time that does not explode.
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The second door is randomization — the same willingness to trade cer-
tainty for speed that chapter 04 met in Monte Carlo methods, applied here
to combinatorial search rather than physical simulation. A randomized al-
gorithm makes some of its choices by coin flip rather than exhaustive com-
parison, and for many hard problems this yields algorithms that are fast on
average and wrong only with controllable, vanishingly small probability — a
guaranteed-correct answer traded for an almost-certainly-correct one de-
livered far sooner. The clearest everyday example sits, fittingly, inside the
very cryptography this chapter is about to turn to: before RSA can lock any-
thing, it first needs two very large prime numbers, and testing an enormous
candidate number for primality by trial division is itself hopelessly slow. The
Miller-Rabin test, devised by Gary Miller in 1976 and made fully practical by
Michael Rabin shortly after, picks random witnesses and checks each one
against the candidate number; a composite number will be caught with at
least even odds by any single random witness, so after fifty independent
draws the chance of a wrong answer falls below one in a quadrillion — small
enough that every RSA key generated today is built on primes accepted by a
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test that is not, strictly, certain, only certain enough (Cornell CS4820, "The
Miller-Rabin Randomized Primality Test").
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The third door is the most surprising, and it is the one modern computing
quietly walks through every day without most of its users ever noticing. In
the decades since Cook and Levin's theorem, engineers built increasingly
sophisticated SAT solvers — programs that attempt to find a satisfying as-
signment for exactly the problem Cook proved NP-complete in the first
place. The modern generation of these tools, built around a technique
called conflict-driven clause learning (CDCL), does something that should,
on paper, be impossible: it routinely solves real-world SAT instances with
millions of variables and clauses, arising from chip verification, software
testing, and scheduling, in practical amounts of time (arXiv, "Relating Com-
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plexity-theoretic Parameters with SAT Solver Performance"). CDCL works
by learning from its own failures mid-search: every time it reaches a dead
end, it derives a new logical constraint — a "clause” — summarizing why that
dead end occurred, adds it permanently to the problem, and uses it to
prune away every future branch that would repeat the same mistake for the
same underlying reason. Over the course of a long search, the solver effect-
ively rewrites the problem it is solving, filling it with accumulated scar
tissue from every wrong turn, and the accumulated scars turn out to make
the remaining search dramatically smaller. This does not contradict the
Cook-Levin theorem. Worst-case instances of SAT, carefully constructed to
defeat exactly this kind of learning, remain exponentially hard, and always
will unless P equals NP. But the industrial instances that show up in real
chip designs and real schedules are, empirically, richly structured rather
than adversarially worst-case, and researchers have spent years trying to
characterize exactly what kind of hidden structure — community clustering,
"backdoor” variable sets, low treewidth — CDCL solvers are quietly exploit-
ing to walk straight through problems that complexity theory says should
be untouchable. The wall is real, in the worst case, for every instance any-
one could construct. It is also, for the instances that actually show up in
practice, full of doors nobody predicted would be there.

TH

Uizamuﬁ'mumﬂswmm‘lﬂﬁ?jﬂ wazduuiinouiumesatelnituriiu
Jouq nniulasfiglédninglimedana lunarenmssendmquiunves
Cook U Levin 3Ansans SAT solver fidudoududosg — Wsunsuiiweneny
vnsfvuaefivilfgasnduaie dmdutlaymi Cook Agatdndu Np-
complete Haudusniiuumaz isesiliojulmifiadreseumadiate conflict-
driven clause learning (CDCL) vindfiuunszanuudasidullails: suuddu
aunud SAT TulansdefififuusuazoyUsslomdudu Juinanmansvaey
FU nsvaasuganduas uaznsdames Iadulnd Tunaniilénuldese
(arXiv, "Relating Complexity-theoretic Parameters with SAT Solver
Performance") CDCL ¥91UAI8M15158UFINAMNAUNAIVDIAILDITENTN
dumn: nnaSeiidulugamediu dususudedfamanssnedelmituun —
"aylselen (clause)” — fiaguininlumsdutiudada udainshudlulu

155


https://arxiv.org/pdf/1706.08611
https://arxiv.org/pdf/1706.08611
https://arxiv.org/pdf/1706.08611

THE WALL

o

Jaymegienns uagldtudanmnidlusuaniiagvinfianaiauuuiindae
WHaNUgULABIRUS AaeansAuTiBIuI Fudlymsiduideu
Jayituridaudulugl LauﬁuﬁamﬁauwaLﬁuﬁazaumﬂnﬂmﬂgmﬁm way
LLNaL*fluﬁazauﬁuﬂé’uﬁﬂﬁmsﬁumﬁmﬁaLﬁnaaathmiwms L%"aqﬁvlsi"lﬁﬁm
ﬂwqwgum Cook-Levin aummu%mmmﬁwaﬂmm SAT fignasnstiuegng
ARAFuNouENsSBLiuuUined fnsenuuuendimiuuden uazae
gnegaunasnly uusd P azwiniu NP uibuaunudseiugnannssuiilug
wlunseanuuuuadauasmsauaiatu mnnmsiniauiiilassaig
vy ldldnsdhiariefigatignesnuuuanauau uastnddeldinamaed
weneuseylildinlassasreiideusguinluiuu — nsdundudugumy
YadauUs "Useands” A1 treewidth 61 — 7 SAT solver wuu CDCL wauld
Uszlewiagdous aidunzatlymiinguijanududeu (complexity) uand
msazunzlalld fruwsthuduvesass lunsdiarfredian dmsuynduauaudd
Tasfinnuazasetuld uazdmiuduaumudiunadulumefifose fufida
Tudheusegitliflasiuneinnzegnasiudeg

156



THE WALL

The Wall as Fortress
ﬁﬂttwaiugqusi']auﬂsﬁnﬁs

The final turn in this chapter's story inverts everything that came before it,
and it is the most consequential inversion in this book. Every solver so far
has treated hardness as an obstacle: a wall to be reduced away from, ap-
proximated around, or randomized through. In 1977, three MIT researchers
— Ron Rivest, Adi Shamir, and Leonard Adleman — realized that hardness
could instead be the product.
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Their cryptosystem, which took the researchers' initials as its name, RSA, is
built on a specific, carefully chosen instance of computational hardness:
multiplying two very large prime numbers together is fast, taking a com-
puter a fraction of a second even for numbers hundreds of digits long, but
factoring the resulting product back into its two original primes, without
already knowing them, has no known efficient method — you are back to
something resembling brute-force search through an astronomically large
space of candidate factors (Splunk, "RSA Algorithm in Cryptography: Rivest
Shamir Adleman Explained"). Anyone can publish the product — the "public
key" — and use it to lock a message. Only someone who knows the two ori-
ginal primes — the "private key" — can unlock it efficiently; everyone else
faces a computational wall as real as any traveling salesman's. RSA is, tech-
nically, believed to rely on the hardness of integer factorization rather than
being proven NP-complete in the strict Cook-Levin sense — factorization
sits in a curious, not-fully-resolved corner of complexity theory, apparently
hard but not known to be NP-complete itself. What matters for this
chapter's purposes is the philosophical hinge, not the technical fine print:
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an entire branch of applied mathematics discovered that a wall no one can
climb is exactly as valuable as a treasure no one can steal. Every secure
connection to a bank, a hospital record, or an encrypted message rests, at
bottom, on the same kind of hardness that makes the traveling salesman
problem resist every solver's cleverness. One field's dead end is another
field's foundation.
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Hardness Is Information
ANNEINADTDYA

Step back, and this chapter completes something chapter 00 promised and
chapter 04 and 05 built toward: the honest limits of this book's central
claim. "Great solvers do not search harder; they change the space until the
path is short" has held, gloriously, across every chapter so far — Euler's
dots, Blackett's convoys, Dijkstra's frontier, A's admissible optimism. NP-
completeness is this book's proof that the claim has a genuine boundary. Some
spaces, as far as anyone has ever proven or is likely to prove soon, cannot be
compressed by any representation change, however clever — not because no
one has been clever enough yet, but because Cook, Levin, and Karp showed
that compressing any one of them efficiently would compress all* of them ef-
ficiently, and seventy years of the finest minds in computer science trying
to do exactly that have come back empty-handed.
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But notice what kind of knowledge that failure actually is. Knowing that a
problem sits behind the NP-complete wall is not the absence of a solution
— it is a piece of information about the problem, as concrete and useful as
knowing its size or its symmetries. It tells you, immediately, not to waste a
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career hunting for an exact, always-fast algorithm. It tells you to reach
instead for approximation, randomization, or a solver built to exploit
whatever real-world structure your instances actually have, rather than
their theoretical worst case. And, in RSA's case, it tells you the wall itself
might be worth more standing than knocked down. Naming the wall is itself
an act of solving — it is the last, hardest-won representation change this
section of the book has to offer: reframing "I cannot find a fast algorithm"
from a personal failure into a proven structural fact about the space, and
then choosing, with open eyes, which door to walk through instead.
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The Move
N1UsLIIUN

Move 06 — Name the wall, then trade: reduce, approximate, randomize, or
repurpose the hardness.
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* Before searching for years, check whether your problem is a known
monster in disguise. A reduction from a Karp-list problem, or from SAT
itself, is proof that no one else has found a fast general solution either —
that is worth knowing before, not after, a career's worth of failed at-
tempts.

* When exact and fast cannot both be had, choose which one to give up,
deliberately. Christofides' bound trades exactness for a guaranteed-good
approximation; Monte Carlo-style randomization trades certainty for
overwhelming probability. Both are engineering decisions, not defeats.

* Check whether your actual instances are the adversarial worst case or
the friendly common case. CDCL solvers prove that "NP-complete in
theory" and "intractable in your specific data" are different claims; indus-
trial SAT is proof that real problems are often far kinder than the
theorems that bound them.

 Ask whether the hardness itself has value. RSA shows that a wall no one
can climb can be turned into a fortress. Before treating intractability as
pure obstacle, ask who would pay for a problem that stays hard forever.
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Next — Chapter 07 - Gallery I: The Single Move: theory now gives way to a

gallery. Five solvers, four centuries, one move each — the history this book has
built in the abstract, made concrete, one great solve at a time.
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CHAPTER 07

Gallery I: The Single Move

dl 1 1 =
1aLsadtan |: NgI1u

Five solves, four centuries, one pattern. Each of the people in this gallery
faced a problem that looked, on the day they met it, like it demanded more
of what had already failed — more travel, more staring at the sky, more
scrubbing, more flying. Each instead found a single point of leverage that
made the hard version of the problem unnecessary. Watch for the moment
it happens in each story: it is almost always small, almost always fast, and
almost always preceded by years in which nobody thought to look for it.
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A Well at Noon — Alexandria and Syene, c. 240 BC
UaunauLiey — agianuuAseAU Syene 511 240 Unauasannia

Eratosthenes of Cyrene ran the Library of Alexandria, the largest archive of
the ancient world, and he had heard a piece of travelers' lore that most
scholars would have filed away as trivia: in the town of Syene, far up the
Nile at modern Aswan, there was a deep well into which the sun shone
straight down to the water at noon on the summer solstice, casting no
shadow at all (APS News, "Eratosthenes Measures Earth"). Nowhere in Alex-
andria did that happen. A vertical stick — a gnomon — planted in Alexandri-
an ground at the same hour on the same day always threw a shadow.
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The obvious way to find out how large the Earth is would be to go around it,
or at least a good long way across it, and measure. Nobody in the third cen-
tury BC could do that. Eratosthenes realized he did not need to. If the sun's
rays arrive at the Earth essentially parallel — a reasonable assumption, given
the sun's enormous distance — then the difference between "no shadow at
Syene" and "some shadow at Alexandria" is not a fact about two towns. It is
a direct reading of the curvature of the Earth between them, expressed as an
angle. He measured that angle at Alexandria: about 7.2 degrees, one-fiftieth
of a full circle. He then needed only one more number — the ground
distance between the two towns — which he obtained from bematists, pro-
fessional pacers trained to walk a fixed stride and report distance by
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counting steps, who gave him roughly 5,000 stadia (APS News). Multiply
5,000 by 50, because the measured angle was one-fiftieth of the full circle
the Earth's circumference would trace, and the Earth is 250,000 stadia
around.
TH
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The honest version of this story has a hole in it, and the hole is worth
naming rather than papering over. Eratosthenes' own treatise, On the Meas-
urement of the Earth, is lost; everything known about his method comes
down through a summary written some four hundred years later by the as-
tronomer Cleomedes, who compressed and possibly simplified the original
argument — the well may be a later illustrative flourish rather than
Eratosthenes' own evidentiary step (Cleomedes, On the Circular Motions,
discussed in the Eratosthenes literature). And the accuracy everyone likes
to quote — "within 2 percent of the true value" — depends entirely on which
ancient stadion you plug in for the unit, and no one today knows for certain
which one Eratosthenes used. Values proposed for the stadion range from
about 157 to 185 meters; on the low end the error comes out under 1
percent, on the high end it balloons past 15 percent (MAA, "Eratosthenes
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and the Mystery of the Stades"). The number is famous. The precision at-
tached to it is a modern retrofit.
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None of that touches the actual achievement, which was never really about
hitting the right number. It was about realizing that the size of the entire
planet could be read off two shadows and a walked distance, without a ship,
a border crossing, or a single mile of travel beyond what the bematists had
already covered for other reasons. Every other method available to the an-
cient world involved going somewhere. Eratosthenes' method involved
standing in two places at once — one of them, notably, a place he never vis-
ited.
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The move: the Earth was too big to walk; a shadow was small enough to
measure.
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The Sky Problem That Became a Clock Problem — London,
1714-1773
Jaymuuilnnangiludanivesuniing — asunau 1714-1773

By the early eighteenth century, a ship at sea could find its latitude in an
afternoon, from the height of the sun. It had no reliable way to find its lon-
gitude — its position east or west — and the consequence was routine cata-
strophe. In October 1707 a Royal Navy squadron under Sir Cloudesley Shov-
ell, badly wrong about its position, wrecked on the rocks of the Isles of
Scilly and killed as many as 1,500 sailors. Parliament responded in 1714 with
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the Longitude Act, which established a Board of Longitude and offered up
to £20,000 — several million pounds today — to anyone who could
determine longitude at sea to within half a degree (Royal Museums Green-
wich, "Longitude found — the story of Harrison's timekeepers").
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For decades, the Board and most of the scientific establishment treated this
as an astronomy problem, because longitude is, mathematically, a time-dif-
ference problem, and the sky was the only clock anyone trusted at sea. The
first serious proposal predated the Act by a century: Galileo Galilei, having
discovered Jupiter's four largest moons in 1610, proposed timing their fre-
quent eclipses as a celestial clock visible from anywhere on Earth. It worked
beautifully from a fixed observatory on land and failed completely at sea — a
telescope precise enough to catch a Jovian eclipse could not be held steady
on a rolling deck, and Jupiter itself disappeared behind the sun for roughly
ten weeks of every year. The method that displaced it, refined over decades
by the future Astronomer Royal Nevil Maskelyne into the "lunar distance
method," used the moon's position against the fixed stars as a natural clock
face, cross-referenced against printed tables that took teams of human
computers years to calculate (RMG, "Longitude found: Nevil Maskelyne and
the lunar method"; explorersweb.com, "How We Learned to Measure
Longitude at Sea"). It worked, eventually, but it demanded a trained navigat-
or, clear skies, and roughly four hours of finicky calculation per fix. A
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century of the era's best astronomical minds had converged on the sky as
the only place a solution could live.
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John Harrison, a joiner and self-taught clockmaker from Lincolnshire, re-
fused the sky. His reframe was almost embarrassingly literal: if longitude is
a time-difference problem, then the instrument that solves it is not a tele-
scope. It is a clock — one accurate enough to carry Greenwich time, un-
altered, through months at sea, through temperature swings, through hu-
midity, through the pitch and roll of a wooden hull. That had always soun-
ded absurd; contemporary clocks lost or gained minutes a day on dry land.
Harrison spent over three decades building larger and then, crucially, smal-
ler mechanisms — H1, H2, H3 — before arriving in 1759 at H4, an instrument
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the size of a large pocket watch, weighing about 1.5 kilograms, that kept
time at sea to within a few seconds a day (RMG; Worn & Wound, "The
Harrison H4").
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On a 1761-62 trial voyage to Jamaica, H4 gave a longitude accurate to about
ten miles. That was well inside the prize's terms. It took Harrison until 1773
— helped, near the end, by the personal intervention of King George III — to
be paid the full reward, because the Board, dominated by astronomers with
careers invested in the lunar-distance method, kept moving the terms of
judgment (RMG). The lunar method also won its own consolation payments;
both approaches, in the end, went to sea. But it is the clockmaker's reframe,
not the astronomers' refinement, that survives in every ship and aircraft
today as the chronometer.
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The move: everyone was improving the sky; the answer was in a pocket.
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A Pump Handle in Soho — London, 1854
Augunlu Soho — asunau 1854

In late August 1854, cholera broke out in the streets around Broad Street in
London's Soho district with a speed that shocked even a city inured to epi-
demics: over 600 deaths in the surrounding blocks within about ten days
(London Museum, "John Snow: Cholera & the Broad Street pump"). The
dominant medical theory of the day, championed by the statistician William
Farr, held that cholera traveled through "miasma" — bad air rising from low,
damp, organically rich ground; Farr had data from 1852 seemingly showing
cholera deaths falling as elevation rose, and took that as confirmation (Farr,
1852 elevation report, discussed at brianaltonenmph.com).
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John Snow, a physician who had already argued in print that cholera was
waterborne, made a decision that looks obvious only in hindsight: he
stopped treating "the neighborhood" as the unit of analysis and started
treating each address as a data point. He went door to door recording
where the dead had lived and, crucially, where they drew their water. Plot-
ted on a street map, the deaths clustered tightly around a single public
water pump on Broad Street (UCLA Department of Epidemiology, John
Snow Archive). On September 7, Snow persuaded the local council to
remove the pump's handle.
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The map itself is more famous than its timing deserves: the polished version
most textbooks reproduce, with its stacked bars of death marching down
Broad Street toward the pump, was not the tool Snow used to find the pat-
tern during the outbreak — he traced the cluster first through door-to-
door interviews — but a version he prepared afterward and presented to
the London Epidemiological Society that December, as an argument for a
theory he had already reached by legwork (Esri, "Something in the water").
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Here the popular version of the story gets ahead of the evidence, and
Snow's own account is more careful than his admirers. By the time the
handle came off, the outbreak was already sharply declining — most of the
deaths had already occurred, and case counts had been falling for days.
Snow himself later wrote that he could not say the removal had much effect
on an epidemic already burning out (Esri, "Something in the water: the
mythology of Snow's map of cholera"). The pump handle is a legend of clean
cause and effect; the truth is messier and, for a book about method, more
instructive: the map's real power was not stopping this outbreak but making
the mechanism visible for the first time — later investigation found the well
beneath the pump had been contaminated by a leaking cesspit only feet
away, including waste from an infant who had contracted cholera days
earlier.
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Snow's strongest evidence, in fact, came from a second and quieter piece of
work often called his "grand experiment." Two water companies, Lambeth
and Southwark & Vauxhall, supplied overlapping streets of south London —
customers on the same block, often the same building, could be served by
either. Until 1852 both companies drew water from a badly polluted stretch
of the Thames; Lambeth then moved its intake upstream, above the worst
sewage discharge, while Southwark & Vauxhall did not. In the 1854 epidem-
ic, houses supplied by Southwark & Vauxhall died of cholera at eight to nine
times the rate of houses supplied by Lambeth — a comparison Snow could
make because everything else about the two populations was, for practical
purposes, identical (UCLA John Snow Archive). It took over a decade for
Farr, and the medical establishment generally, to concede the point; Farr
himself finally credited water as the primary vector only in 1866, eight years
after Snow's death (Wiley Significance, "London cholera and the blind-spot
of an epidemiology theory").
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The move: the city was hiding a mechanism behind its geography; an address
book found it.
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Two Doors, One Corridor — Vienna, 1847
GENUEE) ULIMAY — 18U 1847

The Vienna General Hospital's maternity service ran two adjacent clinics
that admitted patients on alternating days, which made them, unintention-
ally, one of history's cleanest natural experiments. Clinic 1 was staffed by
physicians and medical students, who spent their mornings performing
autopsies before walking to the maternity ward. Clinic 2 was staffed entirely
by midwives, who never touched a cadaver. For years, women begged to be
admitted to Clinic 2, sometimes preferring to give birth in the street rather
than risk Clinic 1 — because everyone on the ward already knew, without
knowing why, that Clinic 1 killed. Mortality from puerperal ("childbed") fever
there ran as high as 18 percent of mothers in some months; Clinic 2's rate
was a fraction of that (Science History Institute, "Ignaz Semmelweis").
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Ignaz Semmelweis, a Hungarian obstetrician working in Clinic 1, tried the
theories on offer — overcrowding, diet, even the shame of male examiners
— and each collapsed against some counterexample. The break came in
1847, when Semmelweis's friend and colleague Jakob Kolletschka died after
cutting his finger during an autopsy and developed a wasting illness whose
autopsy findings looked identical to the ones killing mothers on the ward.
Semmelweis's insight was to treat that as data, not tragedy: the doctors
themselves, hands fresh from dissecting corpses, were carrying "cadaverous
particles" from the morgue to the delivery bed. The two clinics were not
different in staff skill or patient population. They differed in exactly one
variable — what the attendants' hands had touched before they touched the
mother — and Semmelweis had, without designing it, an experiment that
isolated that variable perfectly.
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He ordered doctors and students to scrub with a chlorinated lime solution
before every examination, strong enough to remove the smell of decay that
soap could not. The mortality rate in Clinic 1 fell from 18.3 percent in April
1847 to 2.2 percent by June; over 1848, the first full year of mandatory chlor-
ine washings, the clinic's rate stood at 1.27 percent, converging with Clinic
2's (Science History Institute). By any modern standard this was a clean,
replicated, dramatic result: one intervention, one variable, a fivefold to
eightfold drop in deaths.
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The story does not end there, and the second half is the part every account
of "solving" needs and most omit. Semmelweis never published his reason-
ing in a form the medical establishment found persuasive; he had no germ
theory to explain why chlorinated lime worked, only the correlation, and he
defended it with an abrasiveness that alienated the senior figures who
might have carried the idea forward. Vienna's obstetric establishment
largely rejected the practice after he left the hospital in 1849; childbed fever
deaths at his former clinic rose again. Semmelweis grew increasingly bitter
and erratic over the following years, was committed to an asylum in 1865,
and died there weeks later, reportedly from an infected wound — appar-
ently the very kind of infection his hand-washing rule was designed to
prevent (Wikipedia, "Ignaz Semmelweis"; Linda Hall Library, "Scientist of the
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Day: Ignaz Semmelweis"). His result was vindicated within two decades,
once Pasteur and Lister supplied the germ theory that explained it. The les-
son this book states plainly, because Semmelweis paid for it with his career
and arguably his life: solving a problem is not complete when the answer is
correct. It is complete when the answer is transmitted — accepted, adopted,
and used by people who were not there for the discovery. A right answer
that dies with its discoverer has not finished being solved.
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The move: the variable was the hands, not the ward; and finding it was only
half the job.
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The Six-Foot Box That Replaced the Sky — Kitty Hawk,
1901-1902 .
nagsgIMAWRNNIUNUNBINI — Kitty Hawk 1901-1902

By the end of the 1901 flying season, Wilbur and Orville Wright were, by
their own later account, close to giving up. Their new glider, built using the
most trusted aerodynamic data available — tables of lift published by the
German gliding pioneer Otto Lilienthal, refined through hundreds of his
own flights — should have flown well. It generated only about a third of the
lift the tables predicted (NASA Glenn Research Center, "Wright 1901 Wind
Tunnel").
TH
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The instinct of most engineers in that position is to keep flying, adjusting,
and hoping the next glider closes the gap — to keep searching inside the ex-
pensive, dangerous, weather-dependent world of an actual flight test at
Kitty Hawk, North Carolina, four hundred miles from their bicycle shop in
Dayton, Ohio. The Wrights instead concluded that the data itself, not their
execution, was the problem, and that no amount of further gliding at Kitty
Hawk would tell them why. They went home and built a wind tunnel: a
wooden box roughly six feet long, with a fan at one end driven by a belt off
the gas engine that powered their shop tools, and — the genuinely novel
part — two homemade balances that could measure the lift and drag of a
small model wing directly, converting airflow into a needle deflection they
could read through a viewing window (Wright-House, "Doing it Wright").
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it Wright")

Over the fall of 1901, working from strips of hammered and soldered sheet
steel, they built and tested between one and two hundred miniature wing
shapes, changing camber, aspect ratio, and section one variable at a time,
then narrowed to roughly thirty designs for detailed, repeated
measurement (NASA Glenn Research Center, "Wright 1901 Wind Tunnel").
This was the actual reframe, and it is easy to understate how large it was:
the problem stopped being how do we fly and became how do we measure
lift, cheaply, indoors, a hundred times a day, without risking a neck. An after-
noon in the wind tunnel replaced a season at Kitty Hawk. Along the way
they discovered that "Smeaton's coefficient," a constant used throughout
aeronautics for over a century to convert air pressure into aerodynamic
force, was itself wrong: the accepted value of 0.005 should have been closer
to 0.0033, an error of roughly 40 percent sitting underneath every lift
calculation the field had ever made, Lilienthal's included (NASA Glenn Re-
search Center, "1901 Wind Tunnel Tests"). Modern aerodynamicists have
since confirmed the Wrights' revised figure as substantially correct.
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The 1902 glider, designed from wind-tunnel data instead of Lilienthal's
tables, flew almost exactly as their calculations predicted. It is worth noting
what the Wrights treated as solved first: not powered flight, but control —
the 1902 glider's three-axis system of wing-warping, forward elevator, and
rear rudder gave a pilot command over roll, pitch, and yaw before an engine
was ever added, on the reasoning that an uncontrollable aircraft with a
powerful motor is simply a fast way to crash (Smithsonian National Air and
Space Museum, "Researching the Wright Way"). Power came in 1903, once
control and lift were already answered questions. The famous first flight at
Kitty Hawk was, by the time it happened, almost an anticlimax — the hard
problem had already been solved, in a six-foot box, more than a year earlier.
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The move: the sky was the wrong instrument; a box on a workbench was the
right one.
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Move 07 — Shrink the experiment: find the cheap measurement that
stands in for the expensive world.
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Every solver in this gallery faced a version of the same trap: the real prob-
lem — the size of the planet, a ship's position, a city's water, a ward's mor-
tality, an aircraft's lift — was too large, too slow, too dangerous, or too far
away to test directly. Each found a small, fast, repeatable stand-in that
captured the part of the world that actually mattered and threw away the

rest.
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Ask what the expensive world and the cheap surrogate share. A shadow
shares an angle with the Earth's curvature. A wind-tunnel model shares a
coefficient of lift with a full-scale glider. The surrogate is only useful if
that shared quantity is the one you actually need.

Isolate one variable, even when you cannot design the experiment
yourself. Semmelweis did not build his two clinics; he recognized that an
accident of hospital scheduling had already isolated the variable for him.
Snow's two water companies were an accident of corporate history. Half
the skill in this move is noticing a natural experiment already running.

Distrust inherited data before distrusting your own execution. The
Wrights spent a season assuming their gliders were built wrong before
they considered that Lilienthal's tables — the entire field's shared founda-
tion — might be wrong instead. Reframing often starts with refusing to
blame yourself for someone else's bad number.

A correct answer is not a finished one. Semmelweis proved his case with
numbers as clean as any in this book and still lost, because proof and per-
suasion are different problems with different solutions. Carrying an an-
swer into other people's hands is part of the work, not an epilogue to it.
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Next — Chapter 08 - Gallery II: The Modern Solves: five more solves, all inside
living memory, in which the single move is not a cheap measurement but a
hidden constraint — the one condition, found and honored or found and
broken, that decides everything else.
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CHAPTER 08

Gallery Il: The Modern Solves

dl L] v g 1 []
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The five solves in this gallery all happened within living or near-living
memory, three of them broadcast or published in enough detail that we can
watch the reframe happen almost in real time. The lesson changes shape
from the previous gallery. Where chapter 07's solvers each found a cheap
measurement to stand in for an expensive world, this gallery's solvers each
found something narrower and often more decisive: the one constraint bur-
ied inside a sprawling problem that, once identified, made everything else
fall into place — or fall apart.
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The Theorem the Germans Never Saw Coming — Warsaw,
1932 .
nguijunieesiulineainin — 29590 1932

By 1932, the German military's Enigma machine had been in service for
years, and the Polish Cipher Bureau's small codebreaking staff had made al-
most no progress against it. Enigma's security did not rest on secrecy of
design — commercial versions were sold openly — but on the machine's in-
ternal wiring, a configuration of three rotors and their electrical connec-
tions that the Poles had never seen and could not obtain. Every established
approach to cryptanalysis assumed you needed either the machine or a
great deal of matching plaintext and ciphertext. Neither was available in
useful quantity.
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Marian Rejewski, a 27-year-old mathematician recently recruited from
Poznan University, took a different route entirely. German operators, fol-
lowing procedure, encrypted a three-letter message key twice in a row at
the start of every transmission — a doubled indicator meant to guard
against transmission errors. Rejewski realized that this doubling, combined
with the fact that an Enigma rotor's wiring is a mathematical permutation,
meant the relationships between the first and fourth, second and fifth, third
and sixth letters of thousands of intercepted message openings encoded, in
aggregate, the internal wiring of the machine itself. Working with pure per-
mutation-group theory — and with two French-supplied operating manuals
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that pinned down a few of the unknowns — Rejewski wrote out a system of
equations and, by December 1932, reconstructed the wiring of a machine he
had never touched (Engineering and Technology History Wiki, "First Break-
ing of Enigma Code by the Team of Polish Cipher Bureau, 1932-1939"; AMS,
"Marian Rejewski and the First Break into Enigma"). Later popular accounts,
including a widely used mathematics-education article, would call this "the
theorem that won the war" — a title that belongs to a 2015 teaching piece
rather than to Rejewski himself, who never claimed anything so grand, and
the credit properly belongs jointly to him and his Poznan colleagues Jerzy
Rozycki and Henryk Zygalski, who built the mechanical and tabular tools
that turned the theorem into daily practice (Mathematical Association of
America, "The Theorem that Won the War").
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wqwﬁuﬂﬁﬁm']uﬂizﬁﬁﬂﬁ (Mathematical Association of America, "The
Theorem that Won the War")

The load-bearing constraint Rejewski found was procedural, not mechanic-
al: a repeated indicator that operators were required to send. When Ger-
many dropped that procedure in 1938 and tightened Enigma's security fur-
ther, the Polish team's mathematical technique stopped working, and on
25-26 July 1939 — with war weeks away — Poland handed Britain and France
everything it had: its reconstructed Enigma replicas, its methods, and the
design for its bomba kryptologiczna, an electromechanical device built to
automate the search (GCHQ, "The Pyry Forest Meeting"). At Bletchley Park,
Alan Turing and Gordon Welchman then performed a second, equally sharp
reframe on top of the first. Rather than trying to break individual messages,
they built a machine — the Turing-Welchman bombe — to break the daily
key that unlocked every message sent that day, working from “cribs," frag-
ments of probable plaintext (a routine weather report was a favorite) whose
position in a ciphertext could be guessed from operator habit (The National
Museum of Computing, "The Turing-Welchman Bombe"). The load-bearing
constraint here was Enigma'’s one mechanical guarantee: it could never en-
cipher a letter as itself, a fact that let cribs be positioned and logical contra-
dictions be chased electrically through loops of wiring until only one can-
didate rotor setting survived. Two generations of solvers, a few years apart,
had each found the single condition — a doubled indicator, then a letter
that could never map to itself — that made an otherwise astronomical
search collapse to a morning's work.
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The move: the machine was secret, but its procedure leaked a theorem.
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The Mailbox Built From What Was Already Aboard — Apollo
13, 1970
A lsualdgnas1eanvesiaguugtuagud — Apollo 13, 1970

On April 13, 1970, an oxygen tank exploded aboard Apollo 13, roughly
200,000 miles from Earth, crippling the command module and forcing all
three astronauts into the lunar module — a craft built as a two-man, two-
day lifeboat, now asked to keep three men alive for four. Within days a
slower, quieter emergency was building alongside the obvious ones: carbon
dioxide. The lunar module's lithium hydroxide canisters, which scrubbed
CO2 from the cabin air, were designed for two occupants and were running
out; the command module carried plenty of spare canisters, but they were
square, built for a different air-scrubbing system, and the lunar module's
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receptacles were round (Space Center Houston, "Apollo 13 Infographic: How
did they make that CO2 scrubber?").
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The constraint that mattered was not chemistry — lithium hydroxide would
happily absorb CO2 in a square or round housing alike — it was geometry,
and one further condition sat underneath it, tighter than the shape of a fil-
ter: the solution had to be built entirely from objects already on board a
spacecraft in flight. Nothing could be sent up. A NASA engineer named Ed
Smylie, who led the crew systems team, gathered a small group and im-
posed exactly that rule, then had them lay out, on a table, only what the as-
tronauts had within reach: plastic bags meant for spacesuit liners, card-
board ripped from the covers of a flight plan, a roll of gray duct tape, and
the hose from a spacesuit (The Washington Post, "Ed Smylie, engineer who
helped save Apollo 13 crew with duct tape, dies"). Duct tape, notably, was
the one material that could seal a joint reliably in zero gravity by unskilled
hands under stress — which made it, on this flight, a load-bearing
engineering material rather than a household convenience.
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The team built and tested a working adapter — soon nicknamed "the mail-
box" — on the ground in under a day, then radioed step-by-step assembly
instructions up to the crew, who built their own copy from identical spare
parts already stowed aboard (NASA, "Apollo 13 Lunar Module 'Mail Box").
Cabin CO2 partial pressure, which mission rules treated as safe below about
8 mm Hg and dangerous approaching 15, had been climbing toward that
danger zone with no working scrubber; once the crew wired the mailbox
into the lunar module's cabin fan, the reading fell and held below 2 mm Hg
for the rest of the flight home (Universe Today, "13 MORE Things That Saved
Apollo 13, part 5: The CO2 Partial Pressure Sensor"). What makes this a re-
frame rather than a repair is the discipline mission control imposed on itself
before any design work started: every other spaceflight problem admits, in
principle, an answer involving more material, more mass, more redundancy
sent up in advance. This one did not. By declaring the parts list closed
before the design began, Houston turned an open-ended engineering prob-
lem — build a working scrubber — into a narrow, solvable one: build a
working scrubber from this exact list of thirteen items, a constraint tight
enough that a handful of engineers could exhaust the possibilities in an af-
ternoon.
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The move: nothing could go up, so nothing except what was already there was
allowed to count.
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A Clamp, a Glass of Ice Water, and a Committee —
Washmgton, 1986

Lmauﬂm‘wm ‘I.«!']Llfll\ill,ﬂ'l‘i/iuﬂ ﬂUﬂm“ﬂii&lﬂqi%ﬂﬁuﬁ — 19%97u 1986

The Space Shuttle Challenger broke apart 73 seconds after launch on Janu-
ary 28, 1986, killing all seven crew members, and the presidential commis-
sion convened to investigate — chaired by former Secretary of State William
Rogers — spent weeks accumulating testimony, telemetry, and competing
engineering theories about what had failed. The physicist Richard Feynman,
appointed to the commission somewhat reluctantly, grew frustrated with a
process he felt was drowning a simple mechanical question in procedural
caution.
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The question Feynman wanted answered was narrow: did the rubber O-
rings sealing the joints of the solid rocket boosters lose their resiliency —
their ability to spring back into shape after being compressed — at the un-
usually cold temperature on the morning of the launch, around 36°F (2°C)?
He arrived at a public hearing on February 11, 1986, with a piece of O-ring
material, a small C-clamp bought that morning at a hardware store, and a
glass of ice water requested from the hearing staff. During testimony from a
NASA engineer, Feynman clamped the sample, submerged it in the ice water
for a few minutes, then released the clamp on camera: the rubber stayed
compressed instead of springing back, demonstrating in under a minute, in
front of live television cameras, that cold rubber loses exactly the elastic
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property the seal depended on (Caltech, Feynman's personal appendix to
the Rogers Commission report, "F.: An Additional Comment"; NASA, "Report
of the Presidential Commission on the Space Shuttle Challenger Accident,'
Volume IV).
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The demonstration is often told as a lone genius's improvisation, and Feyn-
man's showmanship was certainly his own. But the tip that let him aim so
precisely came from elsewhere, and the commission's own members kept
that quiet for over two decades. Astronaut Sally Ride, also a commission
member, had been shown internal NASA data linking O-ring damage to low
launch temperatures by a source she wanted to protect; rather than raise it
herself, she passed the chart to Air Force general Donald Kutyna, another
commissioner. Kutyna, in turn, invited Feynman to his garage, showed him a
leaking carburetor on a car he was restoring, and asked, apparently offhand,
whether cold might affect an O-ring's resilience the same way — a question
that pointed Feynman directly at the joint's temperature sensitivity without
ever mentioning Ride's data (Britannica, "Sally Ride"). Only after Ride's death
in 2012 did Kutyna disclose her role; Feynman, who died in 1988, may never
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have known exactly whose evidence had reached him. The load-bearing
constraint of the entire disaster — a rubber seal's resiliency threshold,
crossed by a specific, knowable number of degrees — existed in NASA's own
data well before the launch. What the ice-water demonstration did was
compress a multi-volume technical argument that risked disappearing into
bureaucratic hedging into thirty seconds that a television audience, a Con-
gress, and a grieving public could see and understand without a single
equation.
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The move: the failure had one number attached to it, and a glass of ice water
made the number visible.

TH
¥ anudumaniidavinegiain waztiudwiufeivibimaviuue
e
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Fermat's Last Theorem — that no three positive integers a, b, c can satisfy a”
+ b = ¢ for any integer n greater than 2 — had resisted proof for over 350
years since Pierre de Fermat scrawled his famous, almost certainly mistaken
claim to have found "a truly marvelous proof" in the margin of a book in
1637. By the twentieth century it had become less a live research problem
than a graveyard of failed attempts, the kind of statement mathematicians
warned graduate students away from.
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In 1986, mathematicians Gerhard Frey, Jean-Pierre Serre, and Ken Ribet es-
tablished a bridge that changed the problem's shape entirely. They showed
that if the Taniyama-Shimura conjecture — a deep statement claiming that
every elliptic curve over the rational numbers is secretly connected to a
highly structured object called a modular form — were true for a specific

196



GALLERY II: THE MODERN SOLVES

restricted class of curves (semistable curves), then Fermat's Last Theorem
would follow as a corollary. In other words: stop trying to prove Fermat's
statement about three numbers and an exponent. Prove instead that a hy-
pothetical counterexample to Fermat would generate an elliptic curve so
strange it could not possibly be modular — and prove separately that no
such non-modular curve can exist. Andrew Wiles, a number theorist at
Princeton who had been fascinated by Fermat's Last Theorem since child-
hood, recognized that this reframe had, for the first time, connected the old
problem to the living, well-resourced center of modern number theory. He
set out in near-total secrecy, working essentially alone in the attic study of
his house for seven years, to prove the modularity conjecture for semistable
curves — enough to make Fermat fall out for free (Wikipedia, "Wiles's proof
of Fermat's Last Theorem"). He told almost no one what he was working on
— not department colleagues, not most collaborators, only his wife Nada,
whom he later said "has only known me while I was working on Fermat" —
periodically surfacing old, unrelated results to keep up the appearance of
ordinary output while the real work stayed hidden (Nautilus, "How Math's
Most Famous Proof Nearly Broke").

TH

U 1986 inAfinA@nS Gerhard Frey, Jean-Pierre Serre wag Ken Ribet 714
azwwu‘ﬁLﬂﬁaugﬂmwmﬂmuﬂﬂﬁ'\mm WINVIEATIINToAIANITAL
Taniyama-Shimura — Feandsdnfigneinduldadngg (elliptic curve) yn
duuusiuunsney Wenlssesnedug fuimgiifilassadegedaendi
modular form — Lﬁua‘%ﬁm%’uLﬁuiﬁaﬂ&juﬁ'lﬁ’ﬂﬂejwﬁq (semistable curve)
WA NOBiUNEATINeYel Fermat Nagauunduununsn wadneg1a: 1an
WEEIUNEUTIAIUVDY Fermat Sosavamiatuiaudiig udaiily
Agatiunuindnegneiuannfiues Fermat aradaduldadndivsenainou
Buldlailérisuasdu modular — waziigariuendnmainduldeiilidu
modular LLUUﬁ?uﬁagﬂaﬂﬁ Andrew Wiles ﬁfanwﬁaﬁ’ﬂmuﬁ Princeton fvadlua
ngufunanTineuss Fermat andausiin iudnisiAsunseuilideutinm
inndriulanansiidafidinuasninensniouvemauisiuaieludléidy
afausn wrasielumnuduiieuauysal vinunudiaeies Tuiesvinenls
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wisnrhusaeadunanied iengaideranisainogaisidmiudulés
semistable — yAweiiazli Fermat wqﬂa@ﬂm%l%‘s] (Wikipedia, "Wiles's proof
of Fermat's Last Theorem") wwunulivenlasiaginidswineslsed — liven
Wousaunain lavengsamaudning venus Nada nsseweaan g
walumendsin "§enuuaneinsfinurinauiFes Fermat” ("has only known
me while | was working on Fermat") — wieufuuaesnaruiiiliifieates
sonuuszes ilefnunmidandnaunuuni vazfinusieddeusy
(Nautilus, "How Math's Most Famous Proof Nearly Broke")

Wiles announced a complete proof across three lectures at Cambridge's
Isaac Newton Institute in June 1993 — reportedly finishing the final line of
the argument in the closing minutes of the final lecture, to a stunned si-
lence and then a standing ovation from an audience that had gradually real-
ized, over three days, what it was witnessing — and the announcement
drew global press coverage, with the New York Times putting it on the front
page. Then, during the routine but rigorous process of peer review, a refer-
ee named Nick Katz found a gap: a step in the argument's construction of
an "Euler system," a technical device load-bearing enough that without it
the whole edifice risked being merely a very good sketch rather than a
proof (American Mathematical Society, Faltings, "The Proof of Fermat's Last
Theorem by R. Taylor and A. Wiles," Notices of the AMS, 1995). For over a
year, Wiles worked to repair the gap, at first alone and then, from summer
1994, with his former student Richard Taylor. On September 19, 1994, ex-
amining precisely the approach he had abandoned years earlier for a differ-
ent reason, Wiles saw why it had failed before and why, combined with the
Euler-system machinery, it now succeeded — closing the gap with a meth-
od distinct enough from the original that Taylor and Wiles published it as a
companion paper. The corrected proof appeared in 1995 (Wikipedia).

TH

Wiles UsgmAunngauianysalnIun1sussenea1uasan Isaac Newton
Institute 984 Cambridge luifiouiiguieu 1993 — fs1eauinendeuussin
gnvineuesalaudaauluuniivings ¥aIN15UTIEIEATIFATINY AUAIBAIN
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Revfuudndssusuiiebuangileiidesy nszuiinaasaanuiuinidad
weulierlsey — uaznisusznatuldnuiitnaiialan Tne New York Times
Fumihmils 91t sEinansTuIuAng peer review Afunudsziuddunn
{7998 Nick Katz wudeslud: suneunilslunisadne "Euler system” vasde
THuds gunsaimanadiafisutmiinunnwooudlaifisu Asugnadaianded
desazidunasefiannsramds lailduniigaid (American Mathematical
Society, Faltings, "The Proof of Fermat's Last Theorem by R. Taylor and A.
Wiles," Notices of the AMS, 1995) A% Wiles vinnudauesluit
AeULSNAULAEY WaaRaurngFeutl 1994 Avingaufy Richard Taylor ain
anAwduoan Juil 19 fueneu 1994 vueaseguuIsTiviasiiclunansd
AoudumaNaBuNed Wiles wiudwihluiudsdumailunouiu wazvilune
shufunaln Euler system udnsiusdiSonaui — Untvoslnisieisdinnsann
YouANLNNNEIY Taylor U Wiles ARuvishuduunanugiu unfigofiuiu,
aonulul 1995 (Wikipedia)
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The gap is not an embarrassing footnote to this story; it is the story's
clearest illustration of the book's larger claim. Wiles did not find the short
path by avoiding error — he found it by refusing to let one uncorrected
error force him back to the old problem space (attacking Fermat's equation
directly), when the error was local to one technical tool inside the new one
(the Euler system within the modularity bridge). The load-bearing con-
straint of the whole seven-year project was never Fermat's equation. It was
always the bridge — and a bridge with one weak plank is repaired, not aban-
doned.

TH
Yaslwinulilddsessaireneveusesd duAenndsenaundnigauesde
nanosInejveamilsdeaianil Wiles lalalaidunisdunisnisvautsianain
— wwadumenishiseuliteiianaiandslilauidenealawinauluds
WunUayn (problem space) iy (YUnauN15v49 Fermat 71599)) NINUaHANAN
Uuegianiziiaseslioniamatiatuieaniglunuilug (Euler system el
ad, ¥ o v dou % o 2@ Y ' &
dzn1uNenai3h) Yedrnansuininvadlasinisialnalasinishimedy
AUN5UBY Fermat duApdznIuNINaDn — wazdswIund ligoguruhe) Ao

dl v 1 |Qsj
asnundasdou lailaung

The move: don't lift the boulder; prove the bridge that makes the boulder irrel-
evant.

TH

1 1 ¥ a a L4 dl o v Y a 1o a 1
N1: BYIYNNBUNU quauazwmwwﬂwnaumﬂum wuaﬂﬁl@vl,‘l.]

A Fifty-Year Problem Closed by Ignoring Physics — CASP14,
2020 |
JaynminaulngnUnaenisitiuiland — CASP14, 2020

Predicting the three-dimensional shape a protein folds into, given only the
one-dimensional sequence of amino acids that builds it, had stood as one of
biology's grand open problems since the molecular biologist Cyrus Levinth-
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al pointed out in 1969 that a protein could not possibly be finding its shape
by randomly trying configurations — the number of possible foldings for
even a modest protein chain is so large that exhaustive search would take
vastly longer than the age of the universe, yet real proteins fold correctly in
milliseconds (Wikipedia, "Levinthal's paradox"). Since 1994, the biennial Crit-
ical Assessment of protein Structure Prediction (CASP) competition had
measured the field's slow, incremental progress against experimentally
solved structures kept secret from competitors until scoring (CASP history,
cited via DeepMind, "AlphaFold: a solution to a 50-year-old grand challenge
in biology").

TH
aa

nsvinegunssaudianiusiunuddn iy Tneliwesddunsnesilunillia

=

fivszneuiutuin Sudunildulumdalnajvesdinenundaudd 1969
tindninenlanana Cyrus Levinthal Fliifuilusiulifinionsunswesiaies
wadensduandluFess — stunuiswuiilululduesamelusiuutinies
vunanaUszanannglideauntsauniuuulanameaziunauunitegves
nanunAta nilusiuassiugnieanieluliifiadiunit (Wikipedia,
"Levinthal's paradox") mausdl 1994 n1sutedu Critical Assessment of protein
Structure Prediction (CASP) $sdavnassl YaanuAuntidudesinfiazin
verensil Insifleuiulassadreiimanouldannsmaass Ssgnladu
AUAUINEUYITUIUNTIRER I IIAZLUY (UsEIR CASP, 919/
DeepMind, "AlphaFold: a solution to a 50-year-old grand challenge in
biology")

Most serious attempts at the problem tried, in one form or another, to sim-
ulate the underlying physics: model the forces between atoms and let a
folding trajectory play out computationally, an approach that is faithful to
how nature actually does it but computationally so expensive that it re-
mained impractical for anything but small proteins over short timescales.
DeepMind's AlphaFold team, entering CASP13 in 2018 and then rebuilding
the system almost entirely for CASP14 in 2020, made a different bet: rather
than simulate the physical process of folding, treat structure prediction as a
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problem of completing a pattern buried in evolutionary history. A protein
family that has been conserved across millions of years of evolution carries
statistical fingerprints in its sequence variations — when one amino acid
position mutates, a second, often physically distant position frequently
mutates to compensate, because the two must remain close together in the
folded, functional structure for the protein to keep working. AlphaFold's
neural network learned to read those co-evolutionary correlations out of
large alignments of related sequences and infer three-dimensional dis-
tances between amino acids directly, without ever simulating a single phys-
ical folding step (accounts of the co-evolutionary approach summarized in
reviews of AlphaFold's method, e.g. PMC, "Chasing long-range evolutionary
couplings in the AlphaFold era").

TH

mmwsnmm‘%aﬁ'\iﬁqﬂmjﬁia{]mumﬁ wmmuaﬁ’ﬂaaaﬂ?{ﬂéﬁaejLﬁaaéﬂﬂu
sunuulagunuunils: adeuuusiasusssenineznouuduaesliianiswy
suiululuniesduam uwansiidenseedsfisssunnfivhede usunadenis
Auaauldaicliléfuerlsuonanlusinvmmdnlutianadug i
AlphaFold v83 DeepMind Fasuss CASP13 Tuil 2018 uda3eszuuadaslmi
uwnusaundmiu CASP14 Tl 2020 Ruwudnnie: wnuitezdaes
ASTUIUNTNNAIBATNYBINTTWU Tidodn1svinunelassassredanives
nsduguuuulviasu deilsegludseiRmansivaiunnis assgalusiuiign
aysnslinaeaiiannmvasdulnnaeicfionsadalluanuulsiuves
deu — osunisnsaesilusuimianatewus Sndwmisilsdasined
weanluludanienin azﬂmaﬁ’uﬁ:muLﬁamwaa&jﬂaaﬂ%ﬂ IWgeaes
Fesagatululassadrefinuudnaginauld liegreiuTsiufviaudell
1§ Tasadneuseamua AlphaFold iSsusiinzsuanduiusidaiiauinissa
waniusenunMsiFsafisusduiiieadesiudugalvg udreyuusses
awifsgwinnsnezilulilagnse Ingliinedianstuneuntsiunisnenn
wiidtuien (Fasuisuumadeiiaminisi ayuliluundsvimiisues
AlphaFold 1%u PMC, "Chasing long-range evolutionary couplings in the
AlphaFold era")
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The result, announced at CASP14 on November 30, 2020, startled a field ac-
customed to grinding, decade-scale progress: AlphaFold achieved a median
score of about 92.4 on the Global Distance Test across the competition's
target proteins, a score competitive with the resolution of experimental
methods like X-ray crystallography, and it did so consistently across
proteins the model had never seen (C&EN, "Baker, Hassabis, and Jumper win
2024 Nobel Prize in Chemistry"). John Moult, the computational biologist
who co-founded CASP in 1994 specifically to measure progress on this
problem, told Nature at the time: "This is a big deal... In some sense the
problem is solved" — a verdict CASP's own founder is entitled to render, and
one he still qualified with "in some sense" (Nature, Callaway, "It will change
everything: DeepMind's Al makes gigantic leap in solving protein
structures,’ 30 November 2020). In October 2024, the Nobel Prize in Chem-
istry recognized DeepMind's Demis Hassabis and John Jumper for Al-
phaFold, sharing the prize with University of Washington biochemist David
Baker for related work in computational protein design (Nature, "Chemistry
Nobel goes to developers of AlphaFold Al that predicts protein structures").
TH
nadwsTiuszn1elu CASP14 it 30 waadnneu 2020 vinliaensfiduiuaana
Aunthdudesdnsedunssuisfuagde: AlphaFold vhazuuusiseguldsn
92.4 uu Global Distance Test M lusAulmsNsvaINTUTITY AEUULAZLE
fuaruazidenvesizBmaasegrensiaeauussdiendanuin uagsiui
|@egsainanefuTusauiunaliineifiuaniou (CREN, "Baker, Hassabis,
and Jumper win 2024 Nobel Prize in Chemistry") John Moult 1323181184
frunigfsaurians CASP ud 1994 SusiteTanruAuntiwestigmiilay
\awnz vaniiu Nature lumeutiuin "dieddng... luamumanenia {]mumﬁgﬂ
wAWA2" ("This is a big deal... In some sense the problem is solved") — A1
FnAudidnona CASP losiiansoon uaziwnidafduiulidaeain lu
AU (Nature, Callaway, "It will change everything': DeepMind's Al
makes gigantic leap in solving protein structures," 30 November 2020) thau
AanAx 2024 5193aluluaanvAliungad Demis Hassabis fiu John Jumper

W49 DeepMind d@1%3U AlphaFold Inguiss19¥asaudiu David Baker intaiad
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Witg University of Washington @15uuiitnegdesinuniseaniuulusauigs
AL (Nature, "Chemistry Nobel goes to developers of AlphaFold Al that

predicts protein structures")

The honest boundary of the achievement matters as much as its size. Al-
phaFold predicts a static structure — the shape a protein settles into — not
the pathway or timing by which it gets there, and it struggles with proteins
that adopt multiple functional shapes, with the effects of mutations and
binding partners on structure, and with the roughly one-third of the human
proteome made up of intrinsically disordered regions that never settle into
one fixed shape at all (PubMed, "AlphaFold and Protein Folding: Not Dead
Yet! The Frontier Is Conformational Ensembles"). Levinthal's paradox — how
folding happens so fast — remains genuinely unsolved; AlphaFold answered
a narrower, extremely valuable question (what shape does this sequence
produce) by declining to answer the dynamical one at all.
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(PubMed, "AlphaFold and Protein Folding: Not Dead Yet! The Frontier Is
Conformational Ensembles") UfjnssAtiaes Levinthal — 31n1swutindusa
vuntuldedsls — aldgnuiases AlphaFold naudaiuuauniuaziian

winea (@1euilligunseezls) Mmenisujiasiaznaumaiudavainiuay

The move: stop simulating how the protein gets there; read the shape out of a
hundred million years of relatives.

TH
11: 1dndnaesinlushiulufmseiuldegsls udrsugunsseenunaingfses
autvadiu
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The Move
N1Usea1Uun

Move 08 — Find the load-bearing constraint: the one condition that,
honored or broken, decides everything.

TH

v
L o L4 o

Move 08 — W1Ta31ANSULMIIn — Wau luRgaNnviinunsesinuabun
GEERE

Every problem this large contains hundreds of true facts and dozens of
plausible-looking obstacles. Almost none of them matter equally. Each solv-
er in this gallery found the single condition that the rest of the problem
actually hinged on, and treated everything else as background.

TH

f]aywmmﬁnﬂ%’amsq%’aLﬁﬂﬂ%aﬁgnﬁaqagLﬂu%faa wazgUassanguyone
= [ a a Y o @ Y} LY % 1 dy d'l
dniludu unubifiveluudrayvinduae dnuidawusazauluveiiniseuly
iwenteymiivasuuiuegiusiueses we udrujiinuynegsiumaeuain
Nad

Ask which fact, if it changed, would collapse the whole difficulty. En-
igma's daily-key search is astronomically large — until a doubled indicat-
or, or a letter that can never encipher to itself, turns it into an afternoon's
logical deduction. Look for the one rule the system cannot break.

Separate the dramatic obstacle from the deciding one. Apollo 13's crisis
produced a dozen simultaneous emergencies; the CO2 problem was
solved by fixing the parts list, not the chemistry. Challenger's failure had a
hundred contributing organizational causes; the physical cause was one
seal's behavior below one temperature.

* When an old attack keeps failing, ask whether you are fighting the real
constraint or a decoy. Three and a half centuries of failed attempts hit
Fermat's equation directly. Frey, Serre, and Ribet found the actual load-
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bearing structure one layer beneath it — modularity — and Wiles spent
his effort there instead.

* A found constraint survives its own repair. Wiles's 1993 gap did not
mean the reframe was wrong; it meant one plank of the bridge needed
replacing. Distinguish a flaw in your central insight from a flaw in a tech-
nical tool serving it — the first sends you back to the old problem, the
second just costs a year.

TH
- - v a o § v Y v 1%
« muvagssde uunawaeulu azvinliinnueinnifeuguas nsAu
NeYaUs£I1 U9 Enigma Tied seAunsIANans — auNseanauadien
A v v M iAo ¥ O Y a Y Y & a
a0 nIemonusnlulifutsiadudiies L‘tJaEJuuu'I‘lfiLUun’liagu’lwm
AIsNEUNELRET NesngUaLReissuuluazidinlile
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diufiade ANUNEIEIUNAUIAINADARINAAITIYASINITUANNITVDY
Y i
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EN

Next — Chapter 09 - The Aesthetics of Solution: why the short path feels the
way it does — beauty as the signal of compression, argued through Erdos's
Book, Kolmogorov complexity, and the neuroscience that can now watch an
insight arrive.
TH
welu — unii 09 - quriSezvesdmeu: vinludumsdudslianusanuuuiii
1 — anueuluguedyayiuveanisiudn (compression) lAuTa LAl
AUAS (The Book) @4 Erdés anududaulaalulnsen uazuszam

a -1 = . . v v
’JVIEJ']FI']?WITVI’JU‘IJLﬁ']@ﬂ'ﬁll’]ﬂ\‘i‘ll@\‘] |n5|ght VLﬂLLa’J
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CHAPTER 09

The Aesthetics of Solution

AUNIULVDIAINDU

Euclid's Proof, Twice Told
UNN@Na4 Euclid ta1d0950u

Take the primes: 2, 3, 5, 7, 11, and so on, thinning as the numbers grow. Do
they ever run out? Around 300 BC, Euclid answered no, and the proof takes
about four lines. Suppose, he said, that they do run out — suppose there is a
largest prime, and a complete finite list of every prime that exists: Sp_1,
p_2, \ldots, p_nS. Multiply them all together and add one. The resulting
number is not divisible by Sp_1S (it leaves remainder 1), nor by Sp_2S, nor
by any prime on the list — every division leaves a remainder of exactly one.
So this new number is either itself prime, or divisible by some prime not on
the list. Either way, the list was not complete. Contradiction. The primes
cannot run out.

TH
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Nothing about that argument required computing a single actual prime
beyond the ones you already knew. It required no machinery — no calculus,
no advanced notation, nothing invented after Euclid's own era. And yet it
settles a question about infinity, using only the arithmetic a bright twelve-
year-old already owns. G. H. Hardy, the Cambridge number theorist, held
this proof up as close to the platonic case of what a mathematician means
by beauty, and in his 1940 book A Mathematician's Apology he tried to say
exactly what that beauty consisted of. A beautiful proof, Hardy argued,
combines "a very high degree of unexpectedness, combined with inevitabil-
ity and economy" — the same two examples, Euclid's primes and the irra-
tionality of the square root of 2, that Hardy himself chose to illustrate the
point (Hardy, A Mathematician's Apology, 1940, quoted in "A Mathematician's
Apology," Plus Magazine, University of Cambridge, 2016). Unexpectedness:
the result must surprise — a proof that plods obviously toward its ending
produces no aesthetic charge at all. Inevitability: once seen, the argument
must feel as though it could not have gone any other way; the surprise and
the necessity, oddly, do not cancel each other, they compound. Economy:
nothing in the proof is wasted. Take away Euclid's "add one" and the whole
argument collapses; the proof is exactly as long as the idea, no longer.
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degree of unexpectedness, combined with inevitability and economy") —
Y 1 a A a [ dy @A o .
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Apology, 1940, quoted in "A Mathematician's Apology," Plus Magazine,
University of Cambridge, 2016) anuaalifie: nadnshewilviseainla —
a cal 3 1 1 @ 7 %4 2/ =
unngauiiAess grlugnouausgruiudanaudnu ldlissgniaunseslag
o & o o o v v < Y v Y v v [ v 1w
e Anusndunnanaeslils: weriuuds deldudadesidnsduindulunie
& M v [ o & aav T u v [ ] Ly
auldliias; Anuusenanaladuaudtu wland nlinaneiu winudu
AanuUszudn: lufiezlsluunigauindeian 1 "uanuile” veq Euclid aan
wardeldudamsiounns, unigatenawihiulewened ladendlundnuu

Notice what these three words are doing together. Unexpectedness says
the proof compresses more surprise per line than you had any right to ex-
pect. Economy says it does this using the fewest possible lines. Inevitability
says the compression, once achieved, feels not clever but correct — as if the
four lines were always the true size of the fact, and everything before Euclid
had simply been carrying it in an oversized box. This chapter's claim, ar-
gued through mathematics, psychology, and neuroscience, is that this feel-
ing is not decoration on top of understanding. It is a real signal, generated
by a real mechanism, that fires when a problem's representation has just
gotten dramatically shorter — which means the felt experience of beauty in
a solution is, in a precise sense this chapter will make literal, the shortest
path arriving and being recognized as such from the inside.
TH
glidanudivhnusuiuedls mumalifaeniunigaituany
Usznanalasteussitaldunniiilasiansaands mudsendavonitfusii
Asiigesunuussiatesfigavhiduiuls ausuduiivanidedalduendn
n150U8M (compression) u iilevindngauds laildlanuidndtaaa udls
audAningnies — sfvAvssintiuferunimestafivsiunlasnaen
waznnagenounth Euclid fuduuniulilundesiilnajiush dorauevesunil
Faanifusuadnaans aAnen uazdszamine deauidniilaly
insesUszRufineiuaudile sufedyanes iaannalngs G'z’iaqﬂ%u
LﬁQEULL‘UUﬂﬁLmu{]ZQWI (representation) \iALaIRE19EIUENU — wladn
Uszaunsalvesnnuauludneutiu luanumnefiudugdauniiozsinli
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The Book
AUAS (The Book)

Paul Erdés, the itinerant Hungarian number theorist who published more
papers than any mathematician in history and owned almost nothing, had a
private name for this feeling. He called it "the Book" — an imaginary volume,
kept by God, containing the single most elegant proof of every true theor-
em, however many inferior proofs mathematicians had settled for along the
way. Erd6és was an avowed atheist; the joke, such as it was, cut in both dir-
ections. In a 1985 lecture, Erdds put it to his audience directly: "You don't
have to believe in God, but you should believe in The Book" — an account
preserved by his collaborator Joel Spencer in the AMS memorial notices
(Spencer, in "Paul Erdés (1913-1996)," Notices of the AMS, 1998). His highest
compliment for a piece of mathematics was to say it was "straight from the
Book
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— Jemuvisaoanns Tuurgnant 1985 Erdss wanugiansas 31 "aadlaidndu
AouYBlunszidn wiRMAISIYalY The Book" ("You don't have to believe in
God, but you should believe in The Book") — Anuania#l Joel Spencer K33
uvasnnushu Bluduiinenduves AMS (Spencer, Tu "Paul Erdés (1913-
1996)," Notices of the AMS, 1998) ANUNZIAAVBIVINDITUANAAIANTYU
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In 1994, two years before Erdés's death, the mathematicians Martin Aigner
and Glinter Ziegler began collecting candidate entries — with Erdds's own
enthusiastic help — for an earthly attempt at the volume. The result, Proofs
from THE BOOK, appeared in 1998, too late for Erdds to hold a copy (Wiki-
pedia, "Proofs from THE BOOK"). What is striking about the collection is not
that it contains hard mathematics — every proof in every mathematics lib-
rary is hard mathematics — but that it contains, again and again, multiple
proofs of the same theorem, filed side by side so the reader can watch the
difference between "a proof" and "the Book proof” of the identical fact. The
infinitude of primes gets four separate treatments in the opening chapter,
Euclid's among them. The point is not that the other three are wrong. It is
that some correct arguments compress the truth further than others, and a
trained eye can rank them even when every one of them is, technically, a
complete and valid proof.

TH

U 1994 @osUnau Erdés 1@edin UnaiinAtans Martin Aigner AU Giinter
Ziegler 3usausINsensiiiivne — lngldanutiomadsstenseiesedu
210 Erdss 109 — ieviiautiuliiAntusieuulan waie Proofs from THE
BOOK senurludl 1998 $1iuniii Erdés agldaesiuliluile (Wikipedia,
"Proofs from THE BOOK") Asflaenanlumilsdosauauiilailidntud
AlnANARsINY 08 — unigaunnatuluiesdynadinansynuiinae
AdAAARTEINe M9ty — udReduiiunfiged waraltiu vewmnuiunideiu
afaudrasaian MmaFeadesiuligeuldganusnesewing "uniigatatiuni”
fiu "unigaratu The Book" vestamavsufiuaiu mnulifauvesdiuu
amgldunsufiRiuuuuenduluunida wazves Euclid iWuwisluty
Usaiiulillgidnanuuuuiin uidedeldudefigndosunsduduanuaislduuy
nidudu uagaiiriunsiinandndusuwaniiuld uinnduasduuniigad
auysaluagldlaaselumameaila

At the extreme end of this compression sits an entire genre: the proof
without words, a diagram that establishes a mathematical fact with no ac-
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companying argument at all, because the picture is the argument (Wikipe-
dia, "Proof without words"). The oldest and most reproduced example, a
dissection proof of the Pythagorean theorem traceable to the ancient
Chinese text Zhou Bi Suan Jing, needs no symbols and no sentence: a square
is cut and rearranged, and the eye supplies the proof that formal notation
would otherwise spend a paragraph laboring to state. A proof without
words is Hardy's economy pushed to its logical limit — the shortest possible
path is one you do not even have to walk, only glance at.
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dl = L% dyd &’, d! g.’l 1 a (&1 Y o
Manegavesn1siudaiinauumismilaneg: unigaui luledan (proof

. = v & a a 1 v L4
without words) wHunMdaILITBIIISIIAdinaanslng lulivalduds
Usznautagudunios wsiznwAetelaugds (Wikipedia, "Proof without
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Occam's Razor, Rebuilt in Bits
[ [ F%4 Y a
finlnudanAu as19lusinadn

Long before information theory existed, medieval logicians had already
guessed that shortness tracks truth. William of Ockham's razor — prefer the
explanation that requires the fewest new assumptions — is usually stated as
a rule of thumb about parsimony. In the twentieth century it acquired a
mathematical skeleton. Andrey Kolmogorov and, independently, Ray
Solomonoff and Gregory Chaitin, defined the Kolmogorov complexity of a
string of data as the length of the shortest computer program that outputs
it and then halts. A string with real structure — the digits of pi, a repeating
pattern, a grammatical sentence — can be produced by a short program,
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because the structure itself is a compression instruction. A string of pure
noise cannot be shortened at all; the shortest program that reproduces it is,
essentially, the string itself, verbatim. Complexity, in this technical sense, is
incompressibility, and simplicity is the opposite: the gap between a thing's
raw size and the size of its shortest true description (overview at Wikipedia,
"Kolmogorov complexity").
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yaawny aanaeiion Uszleaiignliennsal — waalddelusunsudus sz
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VDAY (mW'i’mﬁl Wikipedia, "Kolmogorov complexity")

Because Kolmogorov complexity is famously uncomputable in general —
there is no algorithm that can certify a given program is truly the shortest
one possible — Jorma Rissanen proposed in 1978 a practical cousin: the
Minimum Description Length principle, which picks, among the models
actually available to you, the one that lets you encode both the model and
the data it explains in the fewest total bits (Wikipedia, "Minimum descrip-
tion length"; Grunwald, "A Tutorial Introduction to the Minimum
Description Length Principle," 2004). MDL is Occam's razor with a unit at-
tached: an explanation is better not merely because it is "simpler" in some
intuitive sense, but because it demonstrably takes fewer bits to state, and a
briefer statement that still accounts for everything observed is, formally, a
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superior compression of the same truth. This is the machinery that turns
Hardy's word "economy" from a literary compliment into a quantity that
could, in principle, be measured — and it hands this chapter its central
claim in blunt form: an elegant proof and a short program are the same kind
of object, judged by the same criterion, in two different notations.
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The Compression Drive
ussdulidudn

If shortness of description is what mathematicians are responding to when
they call a proof beautiful, the natural next question is why the human
nervous system would bother tracking such a thing at all. The computer
scientist Jirgen Schmidhuber has spent much of his career arguing that it
does so constantly, and that beauty is only one of several everyday experi-
ences built on the same underlying signal. In a series of papers beginning in
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the mid-2000s, Schmidhuber proposed that an observer with limited com-
putational resources is, at every moment, running an internal compressor
on its sensory stream — trying to predict what comes next using as little
internal machinery as possible — and that subjective beauty is the experi-
ence of that compressor suddenly getting better: a pattern the observer had
not yet noticed collapses, for the first time, into a shorter internal
description (Schmidhuber, "Simple Algorithmic Principles of Discovery,
Subjective Beauty, Selective Attention, Curiosity and Creativity,’ 2007
Schmidhuber, "Driven by Compression Progress," 2008).
TH
feuduresdiesueedsiiinadnmansnevauasdananionuniigatii
Ry AanudalunusssurfnevilussuuUszamussuyudiafoudaunse
Aanudstinaususn Tnd3nernsaeufamed Jargen Schmidhuber 19handau
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Uizaum'izﬁﬂ'szﬁﬁwmslaeiNﬁa%\i%{uvué’mvzyﬂmvﬁugmé’uLﬁmﬁ’u Tu
UNAIUYANTSTIENNA1MARSTY 2000 Schmidhuber i@uadngdanndii
n$wensnisAuasiniy fdsuasestusanslufunseualssamduda
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ASausn (Schmidhuber, "Simple Algorithmic Principles of Discovery,
Subjective Beauty, Selective Attention, Curiosity and Creativity," 2007;
Schmidhuber, "Driven by Compression Progress," 2008)

On this account, curiosity is the drive to seek out exactly the data most
likely to produce further compression progress — not data that is already
understood, and not data so chaotic it will never compress, but data sitting
right at the frontier of the observer's current model. Creativity is the active
production of new data — a proof, an artwork, a joke — engineered specific-
ally to hand another mind that same jolt of compression. Schmidhuber's
theory is deliberately unified: it is offered as one mechanism explaining why
infants stare longer at moderately surprising events than at fully predictable
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or fully random ones, why a punchline lands only once the setup's redund-
ant framing snaps into a shorter reading, and why a mathematician's pulse
can visibly quicken over a four-line proof of an old theorem. The theory is a
hypothesis, not a settled consensus, and it has not displaced older, purely
social or purely sensory accounts of aesthetic pleasure. But it makes a
sharp, falsifiable prediction that fits this book's spine exactly: what feels
beautiful is what got shorter, not what is objectively simple in some absolute
sense — the beauty is in the drop, not the destination.

TH

o a :’l’ ¥ A U L4 ¥ dld dl
AUATDEUTYU ATNBYING F’]’e]LLiQ‘UUiﬂ@E)ﬂIUW']%S&;IJﬁVIHIE]ﬂ’]ﬁgﬂ's‘!ﬂ‘wf\]g

ilinstudaauniise — Wilvdeyanitnlaluuds wazliludayaniuineau

1 L4 o

lufituduvadld udfedayaniliegnsuuiniinvaawuudiassdagiuuey
dunaneh ANASINETIA Asnsuandayalnituliegneadla — unigau
NuAals Ynnan — NEBNLUUNLNDEULTINTZANINNITTUTALUULAYIAULLY
TndndInuildlagianiz nguijves Schmidhuber aslalisaudunds: siugniaue
[ a n:l' a 1 o = Y (dl 1

Junalaganedurgivinlunsnisdeamanisainunysenainlauiunany
wunmansaiimglanuavsedulunaun vinluynauismaniseiiionseu
AUAUVDIVIB UMMM UNITETUNAUNIT wazyin ludnwasvaiin
AllndanstuAusTuuNlddlosungAUInvaImg i UL

ddy [ a 1 le Y] v YY) v Yv ) a 1 d'
nauiiiluanufgiu ldldduniuinasiiuds wazdudsliladauaasuieiiig

weIAUNAVNSEUVSEEINTus e sdsnudiuniomaUssamauiaau us

fiulimviuneiiausasigauiale Judriuunuvesnilideauiined: Asnidn

1 A a c;g.ll a ad 1 1 I3 a o v}
uAsdinduas lvasmissuiieegraluniideluanununeduysallag
— AnuuegnnIsuauas lilgndaenia

217



THE AESTHETICS OF SOLUTION

Chess Masters Don't See Pieces
il <@ Y
Usunarsdnungalaildiudanunn

Compression is not only something that happens to a proof on paper. It is
something a trained mind builds inside itself, and one of the cleanest
demonstrations of that comes from a chessboard rather than a blackboard.
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In the 1940s, the Dutch psychologist and chess master Adriaan de Groot
showed strong players a real mid-game position for a few seconds and then
asked them to reconstruct it from memory. Grandmasters did this almost
perfectly; club players did much worse — the standard, unsurprising story
of expertise. But de Groot's next step was the important one: when the pos-
ition on the board was not a plausible game at all, but pieces scattered at
random, the grandmasters' advantage nearly vanished. They reconstructed
random boards barely better than novices did (summarized in Wikipedia,
"Adriaan de Groot"). Whatever the masters had that the amateurs lacked, it
was not a bigger memory for squares and pieces in general. It was
something that only worked on real chess.

TH

lunAa559 1940 Adriaan de Groot nAnIneuazUsuna1sdnangny1Iang
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31 unsusuamesilanevanysaluu iauszavaluasvilaugndounn —
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mnfinenszaeuuudy anuldiuisuresunsudinamasunumelunue
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"Adriaan de Groot") a¢lsfmuiiusunansdiuasfioatnsaulas suldlvany
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William Chase and Herbert Simon — the same Simon whose problem-space
formalism runs through this entire book — reran de Groot's experiment
with modern controls in 1973 and gave the phenomenon its name:
chunking. A chunk, operationally, is a cluster of pieces a player's eye groups
and recalls as a single unit rather than as separate items, and Chase and
Simon estimated that a chess master carries somewhere between fifty and a
hundred thousand such chunks in long-term memory, each one a com-
pressed, pre-labeled pattern — "this is a fianchettoed bishop formation,'
"this is a standard rook-lift" — built from years of exposure to real games
(Chase & Simon, "Perception in Chess," Cognitive Psychology, 1973). A master
does not perceive thirty-two individual pieces on a real board; the master
perceives perhaps five or six chunks, each one already carrying a com-
pressed history of what tends to happen next. Strip away the real-game
statistics — randomize the position — and every one of those chunks
becomes useless, because chunks are compressions of this specific, struc-
tured domain, not of chessboards in the abstract. Mastery, on this evidence,
is not superior raw processing. It is a private library of shortest descrip-
tions, built the slow way, that lets an expert's mind do to a familiar problem
exactly what Euclid's proof did to the infinitude of primes: replace a long,
effortful search with a nearly instantaneous, already-compressed read.
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The Aha in the Scanner
92z "9a" luaSasaunu

If beauty is compression progress, and mastery is compressed perception,
the next question is whether the moment the compression actually happens
— the instant a representation snaps into its shorter form — leaves any
trace a machine can detect. In 2004, the cognitive neuroscientists Mark
Jung-Beeman and John Kounios, together with several collaborators, set out
to find one.
TH
¥ = = L4 = % 2“ = [ Qlc; =
A1AIUINUABAIMNAUNUIVDINITUUBA LLASAITULYYIYIEYABNIIIUINYNUU
9aLa2 AMaudaluAeYIaINnIsTUdANATIURTIS — VuET representation
= ¥ 1 dl g.’l 1 Ay 1 t 4 dl Y [ Y ¥V =) 1 =
Aninggundundn — Mssesseseslsliliasesinsnsiadulatnmsedan U
2004 tinUszaminearansitatleyeyn Mark Jung-Beeman fiu John Kounios
wiaugsauauBnuatuau senlununisessestiy

Their subjects solved compound remote-associates puzzles — three words
(say, pine, crab, sauce) that share a fourth, connecting word (apple) — while
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wired to either an EEG cap or an fMRI scanner. After each solution, subjects
reported whether the answer had arrived analytically, step by step, or as a
sudden insight — an "aha." The fMRI data showed a burst of activity, specific
to insight solutions, in the right hemisphere's anterior superior temporal
gyrus, a region already known for making distant, non-obvious connections
across concepts — the same territory that lights up when someone parses a
metaphor or gets a joke's twist. The EEG data, with its far finer time resolu-
tion, caught something the scanner could not: a sudden spike of high-fre-
quency gamma-band activity in that same right-hemisphere region,
beginning roughly 0.3 seconds before subjects consciously registered the
answer — and, in a further wrinkle, roughly 1.5 seconds before that gamma
burst, a jump in alpha-wave activity over the visual cortex, as though the
brain briefly dimmed its own incoming visual feed to let the insight surface
undisturbed (Jung-Beeman, Bowden, Haberman, Frymiare, Arambel-Liu,
Greenblatt, Reber & Kounios, "Neural Activity When People Solve Verbal
Problems with Insight," PLoS Biology, 2004).

TH
KLU1991N591980390aWNLALaNEG compound remote associates — A1

° \ . Ao o dd & Y . a
d@1uA (LU pine, crab, sauce) NUAMNALYDUIINNUDEY (apple) — VULAANKUIN
EEG wisoagluasasaunu fMRI nasudldusasde fidnsiusieauinainauin
fauuudiasziiasdu useundunisudadiu (insight) agnedumwdu — wuu
"g9" Yaya fMRI LAAININTTUNWAIVURNILAUAINBULUU insight 1 anterior

Y o

superior temporal gyrus ¥83aNBsENYN Uinafisiusgudrinimihiidon
TosuTusimifegvinafunaglidaou — Nuiidisrfuiiahaiunanaufinnugy
dnuaivFeduynld drudeya EEG GefimmaziBenniaianganinun Suded
wFesaunuulals: ﬂﬁu&huLmmmmmﬁqwﬁasﬁuﬁuwé’ﬂuﬁL’Jzuaums?m
Mufeafuti 3usn 0.3 unfideudifidrsiuasdiritlésmney — uarluses
Wundunils $11 1.5 Jufineuminswsvesunuuiiu ausavnilones
windnsueaiiuiinselantu snfvasminmilnaidunvesiiesasiag
iie Ty insight Imi%umiﬂﬂvl,ajgﬂsun'su (Jung-Beeman, Bowden, Haberman,
Frymiare, Arambel-Liu, Greenblatt, Reber & Kounios, "Neural Activity When

People Solve Verbal Problems with Insight," PLoS Biology, 2004)
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Kounios and Beeman spent the following decade replicating and extending
the finding, and in 2015 published a popular synthesis, The Eureka Factor,
arguing that this neural signature is a genuine, measurable correlate of the
Gestalt insight this book met in chapter 03 — Kohler's chimpanzees, Dunck-
er's candle — now visible on an instrument rather than inferred from
behavior alone (Kounios & Beeman, The Eureka Factor: Aha Moments, Creat-
ive Insight, and the Brain, 2015). Read alongside Hardy, Erdds, and
Schmidhuber, the picture completes itself: the felt sense of "aha," the sud-
den drop in a solution's apparent length, and a specific, localized, time-
stamped burst of brain activity all appear to be describing the same event
from three different vantage points — the introspective, the informational,
and the physiological. The shortest path, when it arrives, is not merely
computed. It is announced, by a mechanism that evolved to reward the mind
for finding one.
TH
Kounios fiu Beeman ldlnameanssudinuminduasdesannanisaunuil uay
1wl 2015 ARuriundansigiatiunaia The Eureka Factor Hg9inaneidunig
Usvamilneanduiusiiuiassuazinldvad insight wuuwnasast (Gestalt) i
wilsdorduiinuluund 03 — Asunuudues Kohler 1fleuvas Duncker — nau
iveaiulduuaiesie lailveyuuenannginssusgraifion (Kounios &
Beeman, The Eureka Factor: Aha Moments, Creative Insight, and the Brain,
2015) 81uAiu Hardy, Erdss wag Schmidhuber AWAiugunnies: Au3AN
"89" ManauATUNALYBIAMUENTAIUTINgUBIEADY WAZNITNHIVDY
AonssuaNesiilanzin1z99 ssysfunidld Ussiiunanld Sugumiioudds
USTEIUMANISTALABINUAINENYUNDY — Yud15I918 U YuaTAUNA way
yuaisinen dunsiiduiige esnds laildgneunaiass Sugnusznia de
nalnidTaitunitelisnsTadaiinidunaiuee
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When Beauty Lies
Waausulnun

An instrument that fires reliably is not the same thing as an instrument that
fires only when it should, and the honest half of this chapter is that the
beauty-detector can be tripped by a representation that is short,
symmetric, and wrong.

TH

] v
i = 1

4 A = 1a a Y C | = =
insesilofgntuegindeis lilddfeniuiniasiioNgnduanignounnag
90 LazAsITedndvasunilae Ains1aduanuugnuaantivinaulaiieg
representation NdU AUUINT LATHA

The clearest documented case sits not in mathematics but in physics. For
much of the late twentieth century, theoretical particle physicists built and
favored models — supersymmetry, grand unified theories, various proposed
extensions to the Standard Model — substantially on the strength of their
mathematical elegance: extra symmetries, "naturalness” (the absence of im-
plausible fine-tuning between unrelated numbers), and a pleasing unifica-
tion of forces that otherwise look unrelated. The physicist Sabine
Hossenfelder's 2018 book Lost in Math: How Beauty Leads Physics Astray ar-
gues, from extended interviews with senior researchers in the field, that
this aesthetic filter had by then hardened into something close to a substi-
tute for evidence: theories were pursued and funded for decades in the ab-
sence of any experimental confirmation, propped up mainly by their formal
beauty, while the field went through what she and others describe as a
multi-decade drought of confirmed new fundamental physics (Hossenfeld-
er, Lost in Math: How Beauty Leads Physics Astray, 2018; reviewed in Butter-
field, "Lost in Math? A Review," 2019). Hossenfelder does not claim every el-
egant theory is false, and this book will not overstate her case into a verdict
on string theory or supersymmetry as such — the argument inside physics
remains genuinely contested among working researchers, which is itself
worth stating plainly rather than smoothing over. What her book
documents, carefully, is a process risk: a community that has trained its
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members, generation after generation, to treat a certain kind of compres-
sion — symmetry, naturalness, unification — as evidence in its own right,
independent of any observation confirming it.

TH

]
A

nsdififtuiindafianldldogluadnmans usogluiidnd nasadimdsves
aTsuiibay iniAndeunadimnuiaieuasisunuusiaessingg —
AUNMTB98IA (supersymmetry) NguTIuusilng) d21uvenevea Standard
Model fiiauafiunatsuuy — Tasedaruadinaumadinaansvessiuiu
huinudn: aunasiiiudun "anudusssuni (nslifinisuiugu
aziBunegsliundesswisduavitliifeaiu) uasnsruusedighifieaty
\irdnefustnaiinels niisded 2018 vestiniAnd Sabine Hossenfelder ¥
Lost in Math: How Beauty Leads Physics Astray logdlagdsa1nn1sauniwal
inAduenlaluanesiinem Ifnsesegunssziludsfouiounans
Duvesunundnguluudluneutiu: vguignlanuuagldnusiaiiomans
nenssvlaglifinsbusuannsmeasdag Alideanuanudeguuuures
fudundn vuefiaiudsiiseuazauduusseeindunnzudiand
gagm‘lmiﬁvlﬁ%’umsﬁué’u Y1IUUNANENAISTY (Hossenfelder, Lost in Math:
How Beauty Leads Physics Astray, 2018; un3a15allu Butterfield, "Lost in
Math? A Review," 2019) Hossenfelder lailégnsimnuifiainnuyanguiidu
Wia wazuilsdordutiarlivenedaiauevauselinarafuminduse string
theory #38 supersymmetry — doanfssnigluidnddadudonnmaselumy
tinideivinuey daduGesfinsyasenuinseg inninaulizeu Al
wilsdevensatiufinliosnsziinseYafonnudssveinszuauns: yuvuiiin
aundnvasiesjuudfualidedinnistudaviianis — auas Ay
595uB1R NMssaunss — undngilussiues lngliduiunsdannlain
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YUY

This is the shadow side of everything else in this chapter. Chunking works
because chess is a structured, stable domain where past compressions reli-
ably predict future ones; it fails instantly, as de Groot showed, the moment
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the domain's structure is removed. The same trap catches minds, not just
perception: a solver who has been rewarded, correctly, a thousand times for
noticing when a problem gets shorter can be fooled the thousand-and-first
time by a representation that merely looks shorter — an elegant story
standing in for a true one, a tidy equation standing in for a confirmed result.
Premature closure — the sense of "this must be it" arriving before the
checking has actually been done — is Wallas's verification stage being
skipped because illumination felt too convincing to need it. The gamma
burst in Jung-Beeman and Kounios's subjects fired for the feeling of insight;
it said nothing about whether the compound word those subjects landed on
was actually correct. Beauty, in every case this chapter has examined, is a
detector for compression — real, measurable, and worth building instru-
ments to study. It was never built to also detect truth, and the two only
usually travel together.

TH
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The Instrument, Calibrated
R R v
1A949192A NUSULNYULLAN

Pull the chapter's threads into one strand. Hardy's economy, Erdés's Book,
proofs without words, Kolmogorov complexity, Minimum Description
Length, Schmidhuber's compression progress, de Groot's chunked grand-
masters, and the gamma burst in Jung-Beeman and Kounios's scanner are
eight independent lines of evidence converging on a single mechanism: the
felt sense of elegance is what it feels like, from the inside, when a problem's
representation has just gotten dramatically shorter. That is not a metaphor
borrowed from aesthetics to decorate a chapter on mathematics. It is closer
to the reverse — aesthetics, in the register this book cares about, is a tech-
nical instrument the brain evolved for tracking exactly the quantity this
book has been arguing about since chapter 00: not whether a path exists,
but how short it can be made. Hossenfelder's physicists are proof that the
instrument, like any instrument, drifts and needs calibration against the
world outside itself.

TH

Aaduovasunilinsuduinagnfien anuusendaves Hardy, The Book
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284nN150UdAVBI Schmidhuber, Lmsuﬁmama%ﬁiwL‘fluﬁ'awuaa de Groot
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That calibration is not a call to distrust the feeling. It is a call to use it the
way any working scientist uses a sensitive but imperfect instrument: as the
start of an investigation, never as its conclusion.

TH

nsufuifsuiulailddGondedilililennuddn sufedizentedlildiu

wuuiitningemansvhauauluiildiniesiiofiludliauysaiwuu: Huga
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Suaansavau ilvteaguvesdu

The Move
N1UsLII1UN

Move 09 — Treat beauty as evidence, then verify.

TH

Move 09 — fisanuanulundng i uaInsIedey

A sudden sense that a problem has simplified is data, not a diploma. It tells
you your internal compressor just found something — it does not yet tell
you the something is true.

TH

Ve L% U 1 1 =1 v 1 = w U 1 dl
Aanuddndunauintdnndieasiedeya lalduseniatistns Suvenineies
Tudanigluiaasaylsunsedns — fudslalavanindaniugsa

* Log the moment, don't just enjoy it. When a representation snaps short-
er — an analogy clicks, a proof collapses to three lines, a messy system
suddenly looks symmetric — write down what changed before the feeling
fades. Hadamard's mathematicians (chapter 03) could describe their in-
cubations in detail decades later only because they had made a habit of
capturing them.

* Ask what got compressed, specifically. Schmidhuber's account predicts
the beauty is proportional to the drop in description length, not to the
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absolute elegance of the final form. Name the drop — what long story did
this short one replace? — and the claim becomes checkable instead of
merely felt.

* Run verification as a separate, adversarial step. Wallas's fourth stage and
Hossenfelder's caution are the same instruction from two centuries and
two disciplines: illumination and verification are different acts, done with
different mental postures, and skipping straight from the first to belief is
how elegant wrong answers survive.

* Distrust elegance fastest when it is unearned. A grandmaster's chunk is
compression bought by thousands of real games; a beautiful theory un-
tested against a single new observation has paid no such price. The less
verification a piece of elegance has survived, the more scrutiny it is owed
before it is trusted.
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nagauiunITaLnalntuwsiunasneqdeluladresia1tiu 89auadnutu
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Aauazlasuaulila

Next — Chapter 10 - The Future Solver: the compression instrument this
chapter measured in a human skull is now being built into machines that
search spaces no human mind ever evolved to compress. What is left for the
aesthetic sense to do when the search itself no longer needs it?

TH
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CHAPTER 10

The Future Solver

unuAdayrinisouan

Seoul, March 2016
1wa funAu 2016

At the Four Seasons Hotel, on the tenth of March, Lee Sedol sat down for
the second game of a five-game match against a piece of software he had
predicted he would sweep 5-0 (AlphaGo versus Lee Sedol, Wikipedia). He
had already lost game one. On move 37 of game two, playing Black, AlphaGo
placed a stone on the fifth line, deep on the right side of the board, in a spot
no strong human player would consider. Commentators watching the live
feed assumed it was a bug. Fan Hui, the European champion AlphaGo had
already beaten in a private match the previous October, said simply: "It's not
a human move. I've never seen a human play this move" (DeepMind, Al-
phaGo). Lee Sedol left the table for over fifteen minutes. He resigned four
and a half hours later, and AlphaGo led the match 2-0 (AlphaGo versus Lee
Sedol, Wikipedia).
TH
#ilsausa Four Seasons Jufidufiunas Lee Sedol Weasiauinuitaesvauund
Funufugeniustunis fwmeriunedifiesezninm 5-0 (AlphaGo
versus Lee Sedol, Wikipedia) twusatnuusnluuan Nl 37 YoanuaDs
AlphaGo Faiaudnes naunnasuududinh andnlunsinvesnszau T
witlifididunywdiifiedaulnuasRionsan indansaifigaevenandniniu
U Fan Hui uwudglsufi AlphaGo wevugluudlunundladiofounaiaud
rou yadug 1 "Tulaldninnvesaned miliwefuged@dumnni” Cits

not a human move. I've never seen a human play this move") (DeepMind,
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AlphaGo) Lee Sedol gneanainlfigluutundn@usiund ingouuiddaluaeds
T¥inas waz AlphaGo Uuuad 2-0 (AlphaGo versus Lee Sedol, Wikipedia)

The figure that stuck was a probability: AlphaGo's own policy network had
estimated the odds of a human professional playing that stone at roughly
one in ten thousand (DeepMind, AlphaGo). Go has been played for some-
thing like 2,500 years. Move 37 was not a memorized trick or a database
lookup — Go's search space is larger than the number of atoms in the ob-
servable universe, too large for any lookup table — it was a stone nobody
had ever recorded a human placing there, arrived at by a machine that had
spent months playing games against itself. This book has spent nine
chapters arguing that great solving is not deeper search through a fixed
space but a change of space — new states, new operators, a shorter path.
Move 37 is the moment that claim stopped being a description of human
genius and became a description of something else: a system finding a
shorter path through a space every human master believed they had
already mapped.
TH
Fiaviinegluanunssdennuinaadu: Tassneulsuns (policy
network) 704 AlphaGo tesUseifiulenafifioandnuyudazanaiuniilisn
wilsluwilu (DeepMind, AlphaGo) nggnidusnsniassiurinfest Move 37 ai
Tanafiiesswuienisilingguteya — nuiidumvesinglnajndnsiuau
avmauluienaniidanald naiiRunimssdunlaeziulm — Sufenund
Tiweiitufiniuywdaulumnnsinseiu fuafesdnsdildinamasifoudy
fusaiuneluds mideuifldiiundssinnsuidaymiissnglily
n1sfum (search) Aanaslulumuiianesh Lwiﬁamswﬁlsuﬁuﬁ — @nug
(state) %jﬂim fALuN1s (operator) wmiwu \dumnsiiduas Move 37 Aaas
L’JaWVI‘U’E]ﬂﬂ’l'JE)'NuuLﬂﬂL‘Uuﬂ'l‘Ui'iEJ’lSJE)QQiEJﬂ'lW‘UENﬁJUUEJ LLa”ﬂaﬂﬂLUuﬂ']
UiSEJ']EJﬂJ'ENE)EI’N’é]u: swuuummLaumqauﬂ’a'fléfluwummﬂsu'msawwa

NNAUTD IR IVITUNUN L INUAKE?
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The generalization came fast. Within twenty months, DeepMind's successor
system, AlphaZero, was given nothing but the rules of chess, shogi, and Go
— no opening books, no grandmaster games, no domain-specific tuning —
and told to play itself. Using one algorithm and one set of hyperparameters
across all three games, it reached superhuman strength in each within
twenty-four hours of self-play and beat the reigning world-champion
program at each one (Silver et al., "A general reinforcement learning al-
gorithm that masters chess, shogi and Go through self-play,’ 2017). The les-
son of Move 37 was not "Go is solved." It was "the machine that reframes its
own problem space, unaided, generalizes to problems its designers never
showed it" That is the sentence this chapter has to take seriously, because
it is the sentence the rest of the book has been building toward.

TH
nsYgneNaN3? nelugduifiou AlphaZero szuuiudnunves DeepMind 16
Juwanfntvesunungn 1A waglng — lufidhsUanu lifinuvaswnsua
wawmes Lfinnsusuguianiglauu — uagndlimauiuaiies Aedane3iu
= I3 a I3 a ¥ gj U = U ]
weauazlaiesnsfiwesyaneadiunsauny duluieszaumilonywdly
nanunelugdudtaluseinisiauiuiies waziovurlusunsuuyulland
ATaIwALtagluusiaziny (Silver et al., "A general reinforcement learning
algorithm that masters chess, shogi and Go through self-play," 2017)
un3euYad Move 37 Liile "Tnggauiuds” usfe "wIssinsiasunsey
(reframe) WunUeyi (problem space) vasiaadlalaglifilaste venemaly
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The proof frontier
WU VDIUNNEIY

Long before Move 37, mathematics had already had its own argument about
whether a machine's path counts as a path at all. In 1976, Kenneth Appel and
Wolfgang Haken, working with algorithms built by John Koch, proved the
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four-color theorem — that any map can be colored with four colors so no
two adjacent regions share one — by reducing the infinite space of possible
maps to 1,936 unavoidable configurations and having a computer check
each one by brute force, a case analysis covering roughly a billion individual
cases that no human could perform by hand (AMS Blogs, "The Four Color
Theorem"; Quanta Magazine, "Only Computers Can Solve This Map-
Coloring Problem From the 1800s," 2023). It was the first major theorem
proved with essential computer assistance, and it split the field: to purists, a
proof must be checkable line by line by a human mind, and Appel-Haken's is
not, so trusting it means trusting that a program ran correctly rather than
trusting a chain of reasoning — a controversy that, fifty years later, has
never fully closed (Quanta Magazine, 2023).
TH
wIUAOU Move 37 ANMANANSIABTITANIAEIYDIRBINILAITNAUNIYOY
inseadnsiufiudumeviewan U 1976 Kenneth Appel fiu Wolfgang Haken
Favineusauiudanesiiuii John Koch a19%u Agarnguiunad — Tusui
Tanmuszunglaseddiag lifiaesnuiivinamuldfifioatu — drensaniuii
atfudvonuinulUlalivie 1,936 Tasauuuiiasdlaild udals
AeuRmasnTIvtardudionislannms (brute force) ilun1siiasnesinadiii
AsouARuIMMEIRuAuNsddes Felufiuyudaulnuindeiiold (AMS Blogs,
"The Four Color Theorem"; Quanta Magazine, "Only Computers Can Solve
This Map-Coloring Problem From the 1800s," 2023) ﬂuﬁamqwﬁwﬁﬂﬁ’w%’a
wsniiigerilélnedesiisnauimesodnavalily uasiuntasnisesnifu
aosrhe: dnsudensansn unngaldeansialaniazussvincmednuiyud
wazwes Appel-Haken liflguvuiiu fafunisifetufomneianisidodn

a o

TUsunsusugnaed unuinezioaelyvesmslnmsng — Ualaiiesnindul
TvndsndslsimeUnaiin (Quanta Magazine, 2023)

The 2020s answer to "how do we trust a proof no one can read end to end"
was not to stop using machines but to make the machine itself the reader.
Lean, a proof assistant, and its community-built library mathlib let math-
ematicians write proofs in a language a computer can check line by line
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with total rigor — no step accepted on faith, ever. By the mid-2020s mathlib
had grown to more than 115,000 definitions and 232,000 theorems across
roughly 1.5 million lines (Bianchini et al., "A Comprehensive Survey of the
Lean 4 Theorem Prover," 2025), built by a community of well over a thou-
sand contributors. Its coming-of-age moment arrived in December 2020,
when Fields Medalist Peter Scholze publicly challenged the formalization
community to verify, in Lean, a hard new theorem of his and Dustin
Clausen's about liquid vector spaces — a result Scholze himself was not fully
certain was correct. Eighteen months later, at a workshop in Providence,
Rhode Island, the "Liquid Tensor Experiment" was completed: the theorem
checked out, verified not by trust in a human referee but by a machine
incapable of accepting an invalid step (Lean community blog, "Completion
of the Liquid Tensor Experiment," 2022). The same library is now being
used, in a separate and much longer project, to re-verify Andrew Wiles's
proof line by line (chapter 08 told that proof's human story); here the
machine is not the discoverer but the incorruptible reader.
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Discovery, not just verification, arrived next. On 25 July 2024, Google Deep-
Mind announced that a combined system — AlphaProof, a reinforcement-
learning prover built on the same self-play machinery as AlphaZero, paired
with the geometry specialist AlphaGeometry 2 — had solved four of the six
problems at the 2024 International Mathematical Olympiad, scoring 28 out
of 42 points, the standard for a silver medal, one point short of gold (Deep-
Mind, "Al achieves silver-medal standard solving International Mathematical
Olympiad problems," 2024). AlphaProof solved the hardest problem on the
paper outright — a problem only five of over six hundred human
contestants solved in full (DeepMind, 2024). The full method was published
in Nature in November 2025 (Nature, "Olympiad-level formal mathematical
reasoning with reinforcement learning," 2025).

TH
nsduny lilduanisnseaey wdaduddudalu Suil 25 nsngiau 2024
Google DeepMind Uszn1A3152uunNas — AlphaProof Aagatiuuuisausiasy
fdaftadresuunalaidufudiiesyaiieniu AlphaZero Sugfiu AlphaGeometry
2 fidmavnaysviadin — uAlondl@luvndeuas International Mathematical
Olympiad U 2024 vilé 28 910 42 AzLUY WINAUNAILASYEYRU #19970
Lw%ammaawﬁqwl,l,uu (DeepMind, "Al achieves silver-medal standard solving
International Mathematical Olympiad problems," 2024) AlphaProof wAlang
finfianlugatoasuldessauysal — Tangigidutsduuywdnimniosau
wildfueainau (DeepMind, 2024) 38n1satuiiugniiiuily Nature oy
Wy AN 2025 (Nature, "Olympiad-level formal mathematical reasoning

with reinforcement learning," 2025)
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Gold came the following year, and it came from two directions at once, with
an important difference between them. At the 2025 IMO, an experimental
version of Google's Gemini Deep Think solved five of six problems for 35 of
42 points — and, unlike the 2024 result, the proofs were graded and certi-
fied by the actual IMO coordinators using the same rubric applied to the
human contestants, a first for any Al system (DeepMind, "Advanced version
of Gemini with Deep Think officially achieves gold-medal standard," 2025).
OpenAl, days earlier, announced that an experimental general-purpose
reasoning model had also scored 35 out of 42 under contest conditions,
with three former IMO medalists grading the proofs — a result OpenAl re-
ported itself rather than one certified by the Olympiad's own coordinators
(OpenAl, 19 July 2025; Simon Willison's summary, 2025). That distinction —
officially graded versus self-reported — matters more than either headline,
and it recurs everywhere in this chapter: the machine's score is only as
trustworthy as whoever is willing to check it against a rule nobody controls.
A few months later Gemini Deep Think repeated the pattern in computer
science, reaching gold-medal level at the 2025 ICPC World Finals, one of
programming's hardest competitions (DeepMind, "Gemini achieves gold-
medal level at the International Collegiate Programming Contest World
Finals," 2025).

TH
wisynewndsduldnn wazsnanaesfirniandoniu Tnefiausneiiddy
fuagjsgnineiu 7 IMO U 2025 Gemini Deep Think 484 Google 1Io5TuNAADS
uhlévinlumnda 16 35 910 42 Azuun — uagdaanuatl 2024 assiiunigatl
gnasrauariuseslaeruszaiuanu IMO §1a3e doinamidefuiiléfugidn
wYITUNYWE Fuduafausndmsuszuu Al Taq (DeepMind, "Advanced version
of Gemini with Deep Think officially achieves gold-medal standard," 2025)
roumitlaiAYu OpenAl UssmainTunanisTivauasiunyseasdgunnaes
Aild 35 970 42 wudunmelddeulunisudedu Inefofngldvioa IMO a
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TeauUnsusas (OpenAl, 19 July 2025; unasuvad Simon Willison, 2025)
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Collegiate Programming Contest World Finals," 2025)

By early 2026 the frontier had moved from competition problems, which
have known answers, to genuinely open ones. Mathematician Terence Tao
maintains a running public tally of Al contributions to the unsolved Erdés
problems — the hundreds of open questions Paul Erdés left behind, cata-
logued at erdosproblems.com — and in January 2026 he documented a
threshold crossing: Erdés problem #728 was solved "more or less autonom-
ously" by OpenAl's GPT-5.2 Pro, staying faithful to the problem's intended
spirit (which had itself only recently been correctly reconstructed by the
erdosproblems.com community) and producing a result not found any-
where in the existing literature; a second tool, Aristotle, translated the
proof into Lean, which caught and helped fix a few minor errors along the
way (Tao, Mathstodon, 7 January 2026; The Decoder, 16 January 2026). Tao's
own framing is the responsible one to borrow. Erdés problems vary in diffi-
culty "by several orders of magnitude,” and many of the easier ones were
simply never tried by a serious mathematician, so a problem sitting open for
fifty years does not mean it resisted fifty years of human effort (Tao, GitHub
wiki, "Al contributions to Erdés problems," 2026). His estimate, as of that
writing, is that only one to two percent of currently open Erdés problems
are within reach of today's tools with minimal human guidance (Tao,
GitHub wiki, 2026) — real progress, honestly bounded, on the lowest-
hanging branch of a very tall tree.

TH
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Machines that invent algorithms
1A3999NSNARAUDANDITIY

Proving theorems is one kind of search. Inventing the algorithms other
searches run on is a different, stranger kind — because now the "problem
space" is the space of possible algorithms, and the object the machine hands
back is itself a method, not an answer.
TH
a s a = Y = a v o acx o v 4 a '
ﬂ’ﬁWQ%uﬂﬂU{]UV]ﬂaﬂ’ﬁﬂuﬂﬂLL‘U‘U‘WL!\? msﬂﬂﬂuaanasmwmsﬂumamqag
Y o o . X X 4 L X4
VUt udnuunils wannan — snzaauil "Wuindyni" AoWLN
[ ax A& [ a A = [ = [ @A ad 1o
va9anasnundululs wasdeaninIasdnstunauunnaeis luldamneu

In October 2022, DeepMind's AlphaTensor — built directly on AlphaZero's
architecture, with matrix multiplication reframed as a single-player game of
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decomposing a tensor — rediscovered the best known algorithms for mul-
tiplying matrices and, in several cases, beat them, finding new multiplica-
tion schemes 10 to 20 percent faster than the standard methods on real
hardware such as Nvidia's V100 GPU (DeepMind/Nature, October 2022, via
Wikipedia summary; MarkTechPost, October 2022). A year later, FunSearch
— pairing a large language model with an automated checker and an evolu-
tionary search loop — found a new construction for the cap set problem, a
combinatorics question about how many points can be placed in a grid with
no three in a line, that Terence Tao himself has called one of his favorite
open questions; in eight dimensions, FunSearch found a cap set of 512
points, a result not present anywhere in its training data and unknown to
the field (MIT Technology Review, "Google DeepMind used a large language
model to solve an unsolved math problem,” December 2023; DeepMind,
"FunSearch").
TH
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2023; DeepMind, "FunSearch")

Then, in 2025, DeepMind generalized the trick into AlphaEvolve — a Gem-
ini-powered coding agent that proposes candidate programs, has auto-
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mated evaluators score them, and evolves the best candidates forward, ap-
plied to open problems across analysis, geometry, combinatorics, and
number theory (DeepMind, "AlphaEvolve: A Gemini-powered coding agent
for designing advanced algorithms," 2025; Novikov et al., "AlphaEvolve: A
coding agent for scientific and algorithmic discovery," 2025). Across more
than fifty such problems, AlphaEvolve matched the best known human solu-
tion roughly 75 percent of the time and improved on it about 20 percent of
the time (DeepMind, 2025). Its single most striking result: a way to multiply
two 4-by-4 matrices using 48 scalar multiplications instead of the 49 re-
quired by Volker Strassen's 1969 algorithm — the first improvement on that
specific case in fifty-six years, and one that, unlike some earlier speedups,
recurses cleanly to larger matrices (DeepMind, 2025). Chapter 06 described
the mathematics of hardness — the wall that proves some problems cannot
be compressed by anyone. AlphaTensor, FunSearch, and AlphaEvolve do not
move that wall. They walk up very close to it, faster than any team of
humans has walked, on problems the wall does not forbid.
TH
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Beuldnditudae Gemini Guauelusunsuiiiudaidon Wiussifiusmluda
Tazuuy udAaisdoniiafigasioludnemin dhluldsudaguidadmaan
AN L5UIAMN N15IANY Uazng iU (DeepMind, "AlphaEvolve: A
Gemini-powered coding agent for designing advanced algorithms," 2025;
Novikov et al., "AlphaEvolve: A coding agent for scientific and algorithmic
discovery,” 2025) arnilaymuuutiuninidude AlphaEvolve asofuineui
Afigafiuyusidnem 75 Wesiduduesass uaginldfindnsa 20 Wesidudues
a%a (DeepMind, 2025) Naﬁasqﬂmﬁqﬂsﬁulﬁawmﬁu: IBAAUUNING 4 Aeu 4
AD3AIRINITAMANATT 48 afa unuitowdu 49 aSsimuiisanasfind 1969
84 Volker Strassen #odld — lunnsusuussnsausnlunsdianzduluseu
wdunnt waznduasiishannnisiseinnadunsunounth aseisuSendn
5u"lﬂ€1’\1Lw‘%neﬁﬁlmjﬂfj'ﬂﬁas}wazmm (DeepMind, 2025) Unii 06 UssEe
AdinFANSYaIANEIN (hardness) — funsdiigatidnustigmliilasdy
9nl@ AlphaTensor, FunSearch wag AlphaEvolve Tofldudumunatiu wansfu
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All three systems are special-purpose: built, tuned, and scored against one
narrow kind of problem. The more general shift, the one reshaping ordinary
use of Al by mid-2026, is "test-time compute" or "test-time search" — let-
ting a general-purpose language model spend extra computation at the mo-
ment it is asked a question, rather than only during training, generating,
checking, and revising its own reasoning before committing to an answer.
OpenAl introduced this publicly with the ol model on 12 September 2024,
describing a model trained to think longer, via reinforcement learning over
chains of reasoning, before responding (OpenAl, "Learning to reason with
LLMs,"' 2024). Three months later, 03 posted 87.5 percent on the ARC-AGI
benchmark — a test built specifically to resist memorization — using a high-
compute configuration, a leap the benchmark's own maintainers called un-
precedented given that models had gone from roughly zero to five percent
on the same test over the preceding four years (ARC Prize, "OpenAl 03
Breakthrough High Score on ARC-AGI-Pub," 2024). A Stanford team then
showed, in January 2025, that the core trick could be reproduced cheaply:
"budget forcing" — simply making a model keep reasoning by appending
"Wait" when it tries to stop — reproduced OpenAl's scaling curves using a
model fine-tuned on just a thousand examples (Muennighoff et al., "sl:
Simple test-time scaling," 2025). By 2026 every major lab — OpenAl's o-
series, Anthropic's extended-thinking Claude models, Google's Gemini
Deep Think and Flash Thinking lines — ships some version of this: a model
that, given a hard question, does not just recall an answer but runs an in-
ternal search over possible reasoning paths before committing to one.
Chapter 05 traced search from Dijkstra's algorithm to A*; what "test-time
search” means, as of this writing, is that the search chapter 05 described is
now running silently, by default, inside the box that answers your question.

-
= o

I
3

wauszuuluszuuianizia: @319 Usugu wazlimzuuududgviuauyiia
Wwen Mswasundasmiilundi sunusugunisld Al Tudinuseaniulduan
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nelunatst 2026 Ae "test-time compute” 138 "test-time search” — N3
Uaelilumnanweunussasdldnisduanisluvasiignanudiany unui
sgldaniznauiln lnaduasne e wazuinishiianavessiaenauy
NNIANUATRNBU OpenAl \Wasasideasisazdelung ol ietuil 12
fugneu 2024 Tagesuredndulunaiignilnlidauiutu dunmsieudiasy
Mdauuaenslimera neuaznau (OpenAl, "Learning to reason with
LLMs," 2024) @uifausain o3 vinpguuy 87.5 Wasiduduunmueiia
(benchmark) ARC-AGI — Feseufiadistunniedumsiiesiineians —
demsmasuuuldnissiuings .Wunisnsylandigaua benchmark toaiFen
Mlsiwefiindeu iegiuealuansnaudivwiesiduiuuteasuideiu
naBAAUROUNTI (ARC Prize, "OpenAl 03 Breakthrough High Score on ARC-
AGI-Pub,” 2024) 91nifuiiuann Stanford uansliifuluieusnsiau 2025 41
ﬂaﬂﬁﬂﬁuﬁﬁ?ﬂmuﬂﬂﬂgﬂ: "budget forcing" — uAtIAUlAlUAALTEHAsD
TagiumAn31 "Wait" W lumaudunenenuasnen — adradulainisvenamna
483 OpenAl Juunlnild drelunafiviuasdonuuiegraiemileiudy
(Muennighoff et al., "s1: Simple test-time scaling,” 2025) waflsU 2026 nn
uauTne) — @34 o ves OpenAl, Taaa Claude WUy extended thinking ¥4
Anthropic, @18 Gemini Deep Think wag Flash Thinking 984 Google — Adq
nestunilvesdsiioonun: Tumafidieldmauenn lildudsyandneu ursu
nsdumaeTuuudumensTimawaiiiululy deussyniinfuidumnis
unii 05 lansAunanndanasiuves Dijkstra lUda A%, &4fl "test-time
search” wueia a aTdeuil Aonsumitlund 05 ussenels neuiifdds
ogilouq TasUiens eglundesiineudianuvesnn
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The centaur, and its expiry
LBUNDS UATIUNUADIY VDI

Chess told this story once already, a quarter-century before Move 37, and it
is worth returning to precisely because it did not end the way its author ex-
pected.

TH
nngniaIeslluudinsmile nildudanissenau Move 37 uaziiuAuiiaz
ndulugedets mszdiulilasunuunauAnduiuuaall

After losing his 1997 rematch to IBM's Deep Blue — the first defeat of a
reigning world champion by a machine under tournament conditions —
Garry Kasparov did not retreat from computers. He proposed "advanced
chess": a human, assisted by an engine, playing another human similarly
assisted, with the human making every final decision (Wikipedia, "Advanced
chess"). The clearest proof of concept came in 2005, at the PAL/CSS Free-
style tournament: two American amateurs, using three ordinary chess pro-
grams and no supercomputer, beat a field that included grandmasters
running dedicated supercomputers and engines running unaided (Wikipe-
dia, "Advanced chess"; AME3, "Centaur Chess"). Kasparov's summary of the
result became one of the most quoted sentences in the whole literature on
human-machine teams: "weak human + machine + better process was su-
perior to a strong computer alone and, more remarkably, superior to a
strong human + machine + inferior process" (Kasparov, "Weak Human,
Strong Force,” War on the Rocks, 2022). The lesson generalized far past
chess: skill at directing a tool could outweigh the raw power of the tool, or
of the person, alone.

TH
RAUNUUATIUUATY 1997 19 Deep Blue ¥84 IBM — AMUWIELNATILINVDY
Lf dl o 1 [ ‘:'1 U ¥ ‘:'1 [
wwnlanniasessiunisetdansasdnsmeldtoulunisudstu — Garry
Kasparov lildneenilainasuiames weaue "advanced chess": uywdal
& Ao a @ s Ao a 1 o y) ¢ & v
nilanfieuIudie luiuaywisnauniiieuiutiemlouiu lnauyuiidug
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Andulatuannnenass (Wikipedia, "Advanced chess") nangugugdunuifn

fidnfigaudslull 2005 finsudedu PAL/CSS Freestyle: foasinsidus
awisfuaesau Tlusunsumunngnsssumauduazlifigilosnounames
sugaumiinunsudnanesieiuylesaouianesianzmng uagioudud
SURIUAING (Wikipedia, "Advanced chess"; AME3, "Centaur Chess") unasu
94 Kasparov enatunansiulseluafigniranniigauseToanislu
STNTIIRaATIEETNLYYE-IATesnT: "uyudtou + inTeadns +
nszuIUMsTiandy wilendireufinmesudaunsefiagdis uagiiuniiandnti
wilonduyududaunsds + 1950edns + nszuarunsiidesndn’ ("'weak human +
machine + better process was superior to a strong computer alone and,
more remarkably, superior to a strong human + machine + inferior process")
(Kasparov, "Weak Human, Strong Force," War on the Rocks, 2022) UVIL%EJu‘ﬁ
sewalulnaiununngn: vinvelunmsiduesesiiootafidminunnndifigs
Auvesiniesiie nievesnuaAutiy tBIEIWs

That window did not stay open. As early as 2013, commentators tracking
engine progress were already arguing it was getting hard to find any human
contribution centaur teams still added over the best engine running by
itself (Business Insider, "Humans Are On The Verge Of Losing One Of Their
Last Big Advantages Over Computers," November 2013, cited in Wikipedia,
"Advanced chess"). Kasparov himself pushed back as late as 2017, telling
Tyler Cowen he remained confident a well-operated centaur team could
still outperform a top supercomputer given the right human (Kasparov,
conversation with Tyler Cowen, 2017). By 2023, a peer-reviewed study of
centaur-chess players found something more specific: Al was not merely
assisting human chess skill anymore, it was substituting for it, displacing the
very judgment humans once contributed and replacing it with new,
narrower complementary tasks (Krakowski, Luger & Raisch, "Artificial intel-
ligence and the changing sources of competitive advantage," Strategic Man-
agement Journal, 2023). And by 2024, even the one decision advanced-chess
players still made for themselves — which of several disagreeing engines to
trust in a given position — had itself been automated: a DeepMind team
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built a system that trains up to ten differently-specialized AlphaZero-style
agents and has the group itself decide, through internal diversity and self-
collaboration, which line of play to trust, outperforming any single engine,
including on puzzles designed to defeat narrow engines (Zahavy et al., "Di-
versifying Al: Towards Creative Chess with AlphaZero," 2023; reported in
Marginal Revolution, "Centaur chess' is now run by computers," February
2024). The job title "centaur" still exists. The last task it used to describe —
choosing which machine to believe — now belongs to a machine.

TH

ntaanulilaidnaneld asued 2013 dhdannnisalifnniuanuinavnei
vasauIuNIfsiuLa TSI NasIITiuUNes (centaur) Sainesls
nuywdlimiionineudunangadesuniua1weladn (Business Insider,
"Humans Are On The Verge Of Losing One Of Their Last Big Advantages Over
Computers," November 2013, 819lu Wikipedia, "Advanced chess") Kasparov
osgal@nautnaet 2017 laguen Tyler Cowen Indssiulainiuunesi

AU oMYy A ] s a s v & ¥ vy c g 1

AIUANAgIInlamteninyUesaeununesseaunel dlauywdnly
(Kasparov, @ununnu Tyler Cowen, 2017) wansU 2023 91U398961UN1S
NUNIULABELTIY YA INURLEUNUINFNLTUNDINUATIL1ZRIN I Al T3]
lauatsasuinvenungnuasuywddnss U duunuininweiu la
a d' L4 [ 1 4 1% 14 a a |alI
Fsaanuyedeedudislieanl udunudsnuasusialninuavuas
(Krakowski, Luger & Raisch, "Artificial intelligence and the changing sources
of competitive advantage," Strategic Management Journal, 2023) UazWod
U 2024 uliwdnmsanduladaifeieiau advanced chess §9vitadag — 319y

= a o a a4 & ] [y o 1 = < o 4
Wateudusalnuluussaneuduimiulinssiulusuniania — Agavinli
99 1ugiR [UA2e: i DeepMind @31958UuninIoLauUALUU AlphaZero 7
Wenggyaeiulaasduds uaalisinguiesdindu lunnunainaienielu
wagn1ssniienues Maz@suuauluu vilaanieudunesilag sauds

ol & a nAce . .

vulangfieanuuuuinele1uuzLauIuLAUe (Zahavy et al., "Diversifying Al:
Towards Creative Chess with AlphaZero," 2023; sne91ulu Marginal

Revolution, "Centaur chess' is now run by computers," February 2024)
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Nobody has published a single clean controlled experiment proving "engine
alone beats centaur" across the board in 2026, and this chapter will not pre-
tend one exists. What exists instead is the shape of a fifteen-year retreat:
2005, humans plus modest software beat grandmasters and supercom-
puters; 2013, observers start doubting the human adds anything; 2017, Kas-
parov still disagrees; 2023, a management-science study documents substi-
tution, not augmentation; 2024, the residual human judgment call gets
automated too. Chess is a closed, fully-observable, zero-sum game with an
objectively checkable winner — the conditions most favorable to a machine
closing a gap completely. The open question this book cannot yet answer
with evidence, only pose honestly, is which other domains share enough of
chess's structure to close the same way, and on what timeline. Advanced
chess took about twenty years from Kasparov's proposal to its own obsoles-
cence. Nothing says every field runs on that clock, and nothing says none
will.
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What is still handed to someone

[
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So what, if anything, is left for a human solver once the search itself — proof
search, algorithm search, move search, reasoning search — is something a
machine does better and faster? The honest answer is not sentimental. It is
structural, and it starts with a fact this book has repeated in every chapter:
search only happens inside a space, and something, or someone, has to spe-
cify the space before the first move is searched.

TH

P = Yo vy P ¢ v a = L a oA v
wirezlsmdeeglitnuitlayinduuyed dlezlsmaeagass Wen1sAum
199 — AUMUNTERY AUMSana3Tia AUmIMNIN AumnsTimaNe — 1Jud
a4 L o vy 1 < 1 o Ad o 1 o a ¢ v @
masesdnsihlannimwazizandt Ameundedndlilumneuitensual sy
\Belaseasn wasduisunndeiivesfindsdoduilyaglunnun: nshum
NATUAETUNLNLYINIY LA UNEIMEOUNAUABINIMUANUTINUNDUNNIN

WINILYNAUM

AlphaGo did not decide to play Go. AlphaProof did not decide the goal pre-
dicate was "solve six IMO problems in four and a half hours under contest
rules." AlphaEvolve did not decide that 4-by-4 matrix multiplication was
worth fifty-six years of nobody trying to beat Strassen. FunSearch did not
decide the cap set problem mattered more than a million other combinat-
orics questions it could equally well have searched. In every documented
case in this chapter, a human being — Demis Hassabis's team choosing
which competitions to enter, Terence Tao curating which Erdés problems
were even worth listing, the IMO's own committee writing six problems
nobody had seen before — set the goal predicate and the space before any
machine searched a single node. Chapter 03 called this Polya's oldest heur-
istic: understand the problem before attempting to solve it. What has
changed is that understanding-the-problem is now nearly the whole job,
because attempting-to-solve-it has been delegated.
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TH
AlphaGo lailadndulainagiaulng AlphaProof liladndulainSeuludmune
Ao "wAland IMO wndeludtluenssnelanfinin1suaiedu” AlphaEvolve laila
anduladnnsgasumsng 4 g 4 Auiunisildidlasweteiuevues Strassen
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This produces four things machines in this chapter still do not do,
evidenced rather than assumed. First, problem-finding: nothing in the Al-
phaProof or AlphaEvolve pipeline decides which unsolved conjecture is
worth an afternoon of compute; a mathematician or a curated public list
does that upstream, every time. Second, taste in what counts as a good res-
ult: Tao's own commentary on the Erdés milestone spends more words dis-
tinguishing a genuine advance from a rediscovery than celebrating the win
itself (Tao, GitHub wiki, 2026) — a judgment about significance, not correct-
ness, that the tools cannot make about their own output. Third, setting the
goal predicate: "score points under IMO rubric," "beat Strassen's multiplica-
tion count," "find a cap set bigger than 496" are all human-authored stop-
ping conditions; change the predicate and the same search machinery
hunts an entirely different, and possibly worthless, target. Fourth, verifica-
tion and responsibility in the sense that matters legally and professionally:
DeepMind needed actual IMO coordinators to certify Gemini's proofs be-
fore the "gold medal" claim meant anything, precisely because OpenAl's
self-graded gold, days earlier, could not settle the question by itself (Deep-
Mind, 2025; OpenAl, 2025). Someone external, accountable, and outside the
system that produced the answer still has to be willing to sign it.
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Put together, these four are one thing wearing four names: framing.
Chapter 09 argued that elegance is the felt experience of compression — a
representation snapping into a form where the answer is nearly free. That
felt experience still belongs to whoever chooses which representation to
snap, because the machines in this chapter do not yet reach upstream and
pick their own problems out of the world's infinite supply of unasked ques-
tions. This is the spine of the whole book, restated at its point of maximum
stress: great solvers do not search harder; they change the space until the
path is short — and as of mid-2026, the machines are the most powerful
walkers of a fixed space that have ever existed, while the choice of which
space to hand them is still, in every verified case in this chapter, made by a
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person. That handoff is not a consolation prize. It is leverage of a kind that
did not exist twenty years ago: one well-framed question, posed to a system
that can now search a space of matrix algorithms or IMO-level proofs to ex-
haustion overnight, moves further than a century of unaided human search
ever could. The leverage of framing well has never been higher, because the
machine on the other end of a well-posed question has never been
stronger.

TH
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. d' % -:Sl’u .34’ g d' ¥ % ¥V a
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vasieeanuInAasaaungilidlasauduliujavvedanlild dheunuy
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vesnilidonaa naae a gendusunsannfige: dnuidsguingalualuidu

o & a X 4 P & = 4 o
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ABRLANNUNNAINNSINGINgaINTLAsTiun vaziinsidendtaziu
wudtluuldnaniu Sadudsiawi lunansdifinsiaaeulaluunil nsdsretiu
luldseiavaeula dufemuiastiandilidogiliesdulneu: Aaiuinang
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The chapter that will age
UNNAZLAN

Every other chapter in this book describes events that finished: Alexander's
knot, Euler's bridges, Snow's pump, four decades of protein folds closed in
one. This chapter describes a slope, measured at a single moment on it, and
slopes are exactly the kind of fact a book cannot future-proof. State plainly
which parts are load-bearing and which are perishable, because a reader in
2030 deserves to know which sentences to distrust first.

TH

naunsulumisdeiauiiusssrmanisaiiouluud: Yuues Alexander, Azwiu
84 Euler, Hutiwas Snow, Anasswvasmsiulusiuditaadduasuie un
iussenearudu 15 a gauisrvuanuduiu uagaudufesiinves
Foifieasefimisdetuouanliléias vensenunsey Mdnluusuimiinuay
druluunindels wsizdsulud 2030 auarsladinasslililausslealuu

nau

The perishable claims, ranked by how fast they will decay: the specific
benchmark numbers — 03's 87.5 percent on ARC-AGI, AlphaEvolve's 75/20
percent split against state of the art, the 35-out-of-42 IMO scores — are
snapshots of specific model versions in 2024 and 2025 and will be beaten,
probably within a year or two of this writing, by systems not yet named. The
claim that "one to two percent of open Erdds problems" are Al-tractable is
Tao's estimate from January 2026 and is, by its author's own description, a
moving number that should already be higher by the time this is read (Tao,
GitHub wiki, 2026). The claim that chess's centaur advantage has fully
closed is the best-supported historical judgment available at this writing,
but it rests on chess's unusually clean, closed, checkable structure, and the
chapter's honest admission — that no equivalent clean study yet exists for
less closed domains — is itself a claim about 2026's evidence base, not about
the future's. What should not decay, because it does not depend on any
model version: the four-way split between problem-finding, taste, goal-set-
ting, and accountable verification, and the observation that every machine
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result in this chapter still ran inside a space someone else specified. If that
division collapses — if a system starts reliably choosing its own problems,
its own stopping conditions, and standing behind its own answers without a
human institution backstopping it — that will be the moment this chapter's
central argument needs a rewrite, and whoever is reading this later will
know it happened long before any historian gets around to writing the next
edition.

TH
¥ 3 14 A 1A Y a 2 oo & Y o o
donanenniinduld Sesniuanudiniuaziden: favununiaenig
1912949 — 87.5 1Wasidusivas 03 Uu ARC-AGI, &ndru 75/20 wWasidudvues
AlphaEvolve igufiuaniugadn, Az 35 990 42 91 IMO — ABAINTavs
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) A =1 Aoy ad v ' = P s & &
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The Move
N1Usea1Uun

Move 10 — Delegate the search, keep the frame.

TH

Move 10 — uaun1sAaunnlitAsad thunsaulinusa

The machines in this chapter search better than any human who has ever
lived, in every domain rigorous enough to hand them a checkable goal. That
is not a threat to the century and a half of craft this book has documented;
it is the craft's next tool, arriving on schedule. What it changes is where a
solver's effort belongs.

TH

dl [ dyﬁl P 1 L4 dl aaa 1 dl v
wInsInsluunilaumlanniuywdaulunuinneiidined lunnlawundune
waazdulmunenasialalinainiu dulilvdsanausellionimmnissuase
A4 v 1 Ay vy o oa 4 oa X o P A I ° a
Iniladeiauiivuninli duRsinsesotudinluvediliiouu Nundmuiivue &
niulasuRsuswwastnundamaisidegasalm

* Push the search downstream, on purpose. Once a problem has a check-
able goal predicate — a proof that can be verified, a matrix count that can
be measured, a benchmark that can be scored — treat exhaustive human
search on it as a poor use of a scarce mind. That work is now a commod-
ity chapter 06 would recognize as tractable; spend your hours before that
point, not during it.

* Spend the saved time upstream, where machines still cannot go. Prob-
lem-finding, taste about which result would matter if found, the choice of
goal predicate, and accountable verification are the four things this
chapter found no machine doing unassisted. That is where a solver's
judgment now earns its keep.

* Never let a self-graded result stand as the verdict. The 2025 IMO gap
between an officially certified gold medal and a self-reported one is the
model for every future claim a machine — or a person leaning on one —
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makes about its own output. Someone outside the system that produced
the answer has to be willing to check it and sign it.

* Treat the frame as the last thing that is still entirely yours. Every sys-
tem in this chapter was pointed at its target by a human decision made
before any search began. That decision has not been automated yet, any-
where, in any case this chapter could verify. Guard it accordingly.

TH

« funsaumnludaneii edredsla wedyuuildideuludhmnefinsiold
— uniigniifisuduld sruruafannsaaiiiald benchmark ilvinzuuuld —
Tidoinsfumuuuandeaidiudousayeduutymiudunsldted
menegsiudes utuneuihiududlnafasiiund 06 vzidenia
§an1slm (tractable); T¥inavesnmnoudageiu lilvsewinatu

Adnaniiuseudalaluidmii Ansesdnsdeluliis nsundam safoudn
wadnsluazddydmnioe nsidendeuludiming uagnismsrnaauiifiy
Suinveu Aeddsiiunillinuinaiesdnslavinldieddnglifiautie dufogn
ﬁ%msngqmsumﬁnLLﬁﬂmwﬂwﬁLgaqﬁaLaa"léﬂumau‘if

- sgUaosTinainsa0Bududdndu Yosined IMO T 2025 sewing
wisunesiilasunisiusesetradiuninis fuweanesiisteauies Ae
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thudslaigniinlisaludaitlmuas Tunsdllafnuiiunidaseaeuld seis
w3l waufuiy
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EN

The moves are gathered now, chapter by chapter, into a kit — everything from
questioning the frame at Gordium to delegating the search to a machine that
will outwalk you. What remains is the shortest path of all: turning eleven
moves into a single practiced route through any new problem, which is the
business of the closing chapter, 99 - The Leverage Route.

TH

mauilussaviignsausauliuas undeun Wurniasesfieganils — Asusng
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CHAPTER 99

The Leverage Route

LAUNIIATIUSA

The kit, assembled
yaLA3aslio Usznaulasaudn

This book made one claim and spent eleven chapters earning it: great
solvers do not search harder; they change the space until the path is
short. You watched the claim hold across four thousand years — a scribe
writing down a route instead of an answer, Euler throwing away a city, a
wartime economist discovering that a thousand problems were one, a ma-
chine playing a move with a one-in-ten-thousand chance of occurring to a
human. Different centuries, one silhouette: the space changes, then the
walk is short.

TH

Y v

v A 1 dyg.,l v v = ¥ Ya < A L% L L% ¥
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Along the way, every chapter left you one Move — a transferable act with a
name. Here is the complete kit. The gloss column is not a summary; it is a

trigger — the situation in which that Move should come to hand by itself.

TH

seinanne nunieinlilinilsin — nisasgvirnaneneadrusulduaziive

;380 JReyaAseslionsuyn AoduiAesuglildunasy uaduiigauuiu —

ca 1 & = o 52 =
ﬁﬂ']uﬂ’ﬁiuﬂﬂ’]uu{ﬂ’ﬁu’m\mE)LSQIG]EJVL&IMBQLiEJﬂ

# Move Reach for it when...
00 Question the frame before touching any problem arrives pre-packaged —
the rope before you spend a single unit of effort
inside the package
01 Turn the method into an object you have just done something well and
could not say how — or badly, twice
02 Change the representation until the the work feels like wading; every step
difficulty dissolves is legal but nothing gets lighter
03 Carry named tools you are staring, and nothing is
happening — a heuristic is a bet about
where paths hide
04 Optimize the whole system, and you are about to improve a part, and
measure before you optimize no one has timed the whole
05 Order the search: exploit structure the options are many but not equal,
so good paths come first and you can rank before you walk
06 Name the wall, then trade: reduce, honest effort keeps failing — check
approximate, randomize, or whether the space itself resists
repurpose the hardness compression
07  Shrink the experiment: find the each test costs a season, a fortune, or

cheap measurement that stands in
for the expensive world
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Move

Reach for it when...

08

09

10

Find the load-bearing constraint: the
one condition that, honored or
broken, decides everything

Treat beauty as evidence, then verify

Delegate the search, keep the frame

a situation has a hundred rules and
you suspect only one is structural

something suddenly simplifies — log
the click, then test it before you trust
it

a machine can walk the space faster
than you — your job moves to
choosing the space and grading
arrivals

TH
# i vguanlddloe...

6’5 o [ 1 -~ 3 = 1 d' 1 b4
00 AIAIDINAUNTOU NoUUAZITaN Jymluunauunddunassiivield

01  wWaeuisliduing

02 W&y representation aUAINYIN
azany

03 wnAsaslaniive

04 USunNessuu wazinnaudsu

05 dnaIRUNITAUNT — TBlATIAS19AY
LEUNINAYRNN U

06 158nPanIung uauan: angu

Uszana du wiatenanuenuly
Uselavil
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# i vguanlddloe...

]
]

07 &9015MAADY —WINTTIATIAPANT  MSNAARULFRZATINULIAMTNGY WY

- 1% =% a4 A o = o
guunulansiaunala NiIN99 WIToLANIMLIYIN

08 wiadAansulmln — Weuly anunsaivilalingegSesde uavasde
weanienuvseinuadunnn hiidedeiiulasadieese
2814

09 fearuanundunangiu uaa U9eg19dgaINgTIUiY — andanasiiy
f579d9Y Aan (the click) 13 udmnaaunauazie

¥ v A < 14 5 a Ay '

10 waumsAwmliasesnunseuld ssaAununlisandng — nuveus

U7 gheluagnnisideniuiuaznistv

a da =
AZLLUUAINLAUNIN

Eleven moves. They are not equals: 00 and 02 are the spine — the frame and
the representation — and the other nine are what you do once the space is
chosen. Which is why they compose in a definite order.

TH

a <@ 1 g'.’; a < v va % Y] 1w [y A [y [
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\
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The standard opening
nundanInsgIu

Chess players do not reinvent the first ten moves of a game; they play an
opening — a debugged sequence that reaches a playable middle game. Hard
problems deserve the same courtesy. When something serious lands on
your desk, this is the opening the whole book has been building:

TH
tnununngnlifanundunusntulminnnszaiu wiaununnda — draun

1 R 1% = A 1 1% < Vo
punslavnuudnasni luianunansiiausela Jeunene faualslasu
AUENWILUULREINAY Wailaglsa3sdaunnuulf dRsvunnilaiviisdens
LANASNNINADA:

First, refuse the package (00). Write one sentence: what would count as
solved? Make it an outcome, not a procedure. List the rules you are obeying
and mark which are real.

TH

wila Ujiasnaasie (00) 1WeunilaUszlen: oxlsdatduinudlauda viliudu
nadws lilvtuneu lasrenisngimasinnuey uaavineasssuieinde lwu
34

Second, choose the space (02). Draw the problem in at least two represent-
ations — a list, a graph, a table, a picture, a story. Keep the one in which the
difficulty looks smallest. This is the highest-leverage minute you will spend.

TH

- X 4 ¥ . 1 £
@24 Laaniun (02) am{]zymaanmmﬂ representation 8814UDYADILUY —

]
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Third, check the wall (06). Is this problem a known monster in disguise? If
the honest shape of it is intractable, decide the trade now — approximate,
narrow the instance, or attack a different problem — rather than after a
month of noble effort.

TH

A% A579004 (06) UeyvnilAedniusenainnidniundslasusinnnie
wWan fgusesiiuiasevesiudnnisladlug (intractable) Tisindulauanide

&1’ 1 g 4 ) 04 I dl a !
Asusinaull — Useananen nansalliuauas wienululaudlemdu — fndn
lusindulanasannijuussegvgedsliudmiafon

Fourth, search — with tools, in order (03, 05). Name the heuristic you are
using so you can notice when it fails. Rank the options so the promising
paths come first. When a machine searches better, hand it the walking and
keep the grading (10).

TH

d Auv1 — AreLATasiia uasmuaInu (03, 05) San%e heuristic INNadlTe

ece.

=l

weazladfnouliuig dndudumadenlindun1aniivanduunneu il
iwsesdnsaumlanndt Tiennsaululiiu udanunshiesuuulifuda (10)

Fifth, buy information cheaply (07, 08). Before any expensive commitment,
find the small experiment that stands in for the big world, and name the one
constraint that decides everything.

TH
¥ Gadayaliign (07, 08) neuazyniinezlsnuws Timnsmaasuang Ngu

Y

wiulantulugdld wazisendedednindeinenduianneeng
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Throughout, listen for the click (09) — and log the route (01). A sudden
simplification is data; verify it. And when the problem yields, write down
how — the method is the part of the answer you get to keep.

TH

%

naaAN1d WaK1danazaan (09) — uazamdunialy (01) n1sdteangyiuiu

adada

=l 14 o dl } %4 Y o 1 o 1
Aataya nsredeuiiu wazlleUeymeauun Tilisuadluin vihedals — 35Ae
daruvasanauimnulildnele

A worked miniature. Suppose the problem is the drearily common one: our
weekly report takes two days to produce. The package says "write the report
faster" Refuse it: what counts as solved is decisions get made with current
numbers — perhaps no report at all (00). Redraw: not a document but a
pipeline — sources, transforms, a template; suddenly the two days are vis-
ibly three hours of queries and thirteen hours of formatting and chasing
(02, and the measurement is 04's). The formatting is mechanical — delegate
it to a machine under your template (10); the chasing violates a single load-
bearing constraint — numbers are never where the report is written (08).
The solved state turns out to be a dashboard and a fifteen-minute Monday
conversation. Nobody searched harder. The space changed, and the path
got short.
TH
v 1 iAo 2/ a A & a (% 1 & o o L4
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The thirty-day route
dunIstlnauauiu

Reading about moves does not install them. Use makes them reflexes —
which is the difference between owning a book and owning a kit. The route
below takes thirty days, roughly thirty minutes each except the two cap-
stones. It assumes you have real problems; it works only on real problems.
Do not practice on puzzles alone — puzzles have owners' frames, and the
whole point is learning to question frames that matter.
TH
suFewinluildvilivindas nisldsamnniivilvitunaieduujisen
Saluiid — uaztiuReanuinseninmsiindedoniadufunmsiyaniaesiie
wilsyn dumednsandldinanaiuduiu Fuazsauduuni sniuassiula
iy duauufindidayvnasseglude wazifuldnaruilamasavingu egifindu
UsAwneghaiien — Usauniinseuvead vesdiufinundie uazUssfiunan
fAensinmamanuiunseufiiaunuIeae

Week 1 — Frames and spaces (chapters 00-02)

TH

AUAiN 1 — nsaunaziiun (uni 00-02)

* Day 1. Read 00. Pick one live problem. Write in one sentence what would
count as solved. If your sentence names a procedure (“implement X"),
rewrite it as an outcome.

* Day 2. Frame audit: list every rule you are obeying on that problem. Mark
each real or habit. Ask of one habit-rule: who set this, and does it bind
me?

* Day 3. Read 01. Take something you did well last week and write its route
— steps, order, checks — as if teaching it. Name the method. You now
own it as an object.
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* Day 4. Read 02. Redraw one current problem in a different representa-
tion: prose into a diagram, a dispute into a table of claims and evidence, a
process into boxes and arrows. Keep whichever drawing makes the
difficulty smaller.

* Day 5. Gauss day. Find one repetitive task in your week and look for the
pairing, symmetry, or batch structure that collapses it — the fifty-first
way of seeing the same sum.

* Day 6. KOnigsberg day. Take one thing widely called impossible in your
world and prove which constraint makes it impossible — count the thing
that must balance and doesn't. An impossibility argument is a map of
exactly what would have to change.

* Day 7. Review. Write the week's best reframe on one card, in one
sentence. This card starts your deck.
TH
« $uil 1. uundl 00 Hendlymiisnduinegaimisde Weunilwseloada
ozlsTatuiudliugs Suselontuidondodunou (vin X Whate") Whideu
Tmitdunaans
« $uii 2. asranseu: lanemsngundedidndwinuegiutlymiiu vin
\nSomnsudaztodn 959 wie AuAsTu udnungiiduanueedude
Wik Tﬂiéﬁngﬁ wadlupNIALIITINT0
« §uil 3. s1uunii 01 nduAsivildRiileduainounmiliesng ududeu
dunauesiueani — dumeu 816U 9ans1a — willeurndsdouautu we

!
=

as & Fo & o ey v v
Yo35uu pouliuluingnielilauan
« Fui 4. gruuni 02 Madyndagiuniladatulniaae representation LUy

au: anussadunnunin derwmidunisidesisiunangiu nszuiunis
Junaesiugnas inunmivinlinanuenianadld
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Week 2 — The named tools (chapter 03)

TH

'
A

AUniin 2 — 1pFagdianiiva (Unn 03)

* Day 8. Read 03. Make five heuristic cards: analogy - invert - work back-
wards - relax a constraint - specialize first. One line each on when it fires
and how it fails.

* Day 9. Work backwards from a real goal: write the final state, then the
state just before it, until you reach today. Note where the backward chain
disagrees with your forward plan — that disagreement is information.

* Day 10. Inversion day. For one project ask: how would I guarantee failure?
List five answers. Negate them. You now have the five things that actually
matter.

* Day 11. TRIZ day. State one live contradiction — "we need it stronger AND
lighter," "faster AND safer" — and refuse the compromise for thirty
minutes; search for the resolution that gets both. Most compromises are
surrenders negotiated too early.

e Day 12. Analogy day. Ask: what other field has my problem's shape?
Queues, contagion, inventory, evolution, auctions — the distant field has
usually been at it longer.

* Day 13. Incubation test. Load one hard problem carefully — read
everything, state it precisely — then take a walk with no phone. Log what
surfaces, even nothing. You are calibrating your own background process,
not summoning magic.
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 Day 14. Review. For each card in the deck: did it fire this week? What is its
failure mode? A tool whose failure mode you cannot name is a supersti-
tion.
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Week 3 — The formal engines (chapters 04-06)

TH

FUnmifi 3 — toulugutie (unil 04-06)

Day 15. Read 04. Instrument before improving: time one whole process
end-to-end and find where the hours actually go. Expect to be wrong
about it.

Day 16. Whole-system day. Find one local optimization around you that
damages the whole — the report polished for a meeting that shouldn't
exist. Name the true objective it forgot.

Day 17. Read 05. Draw a real decision as a six-node graph — states, trans-
itions, costs — and run Dijkstra by hand. The exercise is not the
arithmetic; it is feeling a decision become a space.

Day 18. Strategy day. Classify three current tasks: greedy (take the best
now), divide-and-conquer (split, solve, merge), or dynamic programming
(overlapping subproblems — cache one repeated sub-answer this week
and watch the savings compound).

Day 19. Read 06. Reduction day: before inventing anything, ask which
solved problem is this in disguise? Spend the thirty minutes searching the
shelf, not the space.

Day 20. Wall day. Identify one thing you brute-force that is genuinely
hard — combinatorial, political, physical. Choose the trade explicitly: ap-
proximate, randomize, narrow the instance, or stop paying. An unnamed
wall collects tolls forever.

Day 21. Review. Write your personal "known monsters" list — the recur-
ring problem shapes in your work and the standard trade for each.

TH
s 4‘ 1 lﬂl a lﬂl U 1 U U l:! Z‘.’I 1
« 3ui 15. 81uunil 04 AnAIasianeuuiuuse: JunanszuIuNISUilaRIue
fuauau ud luaneluluueieg ndsulalinasianin

267



THE LEVERAGE ROUTE
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Week 4 — Galleries, beauty, machines (chapters 07-10)

TH

AUA1iN 4 — aISa9LET ADINIIU 1ASB9INS (UNT 07-10)

 Day 22. Read 07. Shrink one experiment: replace an expensive test in your
world with a cheap proxy — and write down what the proxy cannot see,
because that blindness is the price and you should pay it knowingly.
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* Day 23. Read 08. Constraint day: for one live project, name the load-bear-
ing constraint. Then either honor it completely or price what breaking it
would cost. The hundred other rules are decoration.

Day 24. Teaching day. Retell one gallery case — Snow's map, the scrubber,
Rejewski's permutations — to another person, from memory, ending with
its move in one line. If the retelling sags, you stored the story but not the
structure.

Day 25. Read 09. Start a beauty log: each time something suddenly simpli-
fies this week, write the click down — and schedule its verification. The
click is evidence, not verdict.

Day 26. Elegant-wrong day. Take one tidy story you currently believe and
attack it: what evidence would break it? The seduction chapter (09) exists
because this exercise is the one solvers skip.

Day 27. Read 10. Delegation drill: give an Al engine one real search under
your frame — write the goal predicate and constraints first, then grade
the arrivals against the predicate, then log where your frame leaked. The
leak log is the lesson.

Day 28. Centaur audit. Two columns: where machines now beat you (del-
egate, without nostalgia) and where you still add value (double down,
without complacency). Date the page; it will age, and the dated page is
the point.

TH
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 Day 29. The full opening, live. Take one important problem and run the
standard opening end-to-end in a timed ninety minutes, whole kit on the
table. Write the path you took — which moves fired, in what order, what
changed.

* Day 30. Write Move 11 — yours. Name, trigger, failure mode, in the house
format. Somewhere in your domain is a move this book does not contain,
one your own scars have taught you. The kit was never meant to arrive
complete. It was meant to arrive extensible.

TH
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The solver's checklist
ndanvastinuAtyn

Before: What counts as solved — as an outcome? Which rules are real? In
what representation is this smallest? Is it a known monster?
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During: What tool am I using — by name? Are good paths coming first? Has
honest effort failed enough to suspect a wall? Did something click — and did I
log it?
TH
sywihain: Madldinsesdientls — Bendetfusenun Wunmaiinuandeuve
1 asussegadedndudrdumarnunanesrasdeniidunevieds flozlsadn
v — wazanlivseilan

After: Write the route. Shorten it once — the second draft is where elegance
lives. Shelve the method as an object with a name. What would make this
problem never return?

TH
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That last question deserves its line. The chapters kept meeting solvers
whose deepest solution was to make the problem extinct — Semmelweis did
not treat childbed fever better, he removed its cause from the doctors'
hands. The shortest path of all is the one nobody has to walk again.

TH
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Problems worth having
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One skill remains, and the book has been circling it since Gordium: the
moves tell you how to solve, not what. Machines have made the how abund-
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ant — chapter 10's engines will walk almost any space you can specify, and
they get better every season the ink on that chapter dries. Which means the
scarce act, the one the whole apparatus now waits on, is the choice of
problem. Problem-finding — taste — is the last unautomated move, and
taste is built the same way the others were: by keeping a route log, by noti-
cing which solved problems left the world lighter and which merely left it
optimized, by asking of every candidate knot not "can I undo this?" but
"what comes free if I do?"
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So the book ends by inverting its own opening. At Gordium, the knot was
handed to Alexander; the prophecy, the frame, the audience — all set by
others, and his genius was refusal. You are past that now. From here on,
more and more, you will be the one handing out knots — to your tools, your
machines, your colleagues, your future self. That is what it means to hold
the frame while the searching is delegated: the quality of the problems you
set becomes the ceiling on everything downstream.
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The knot is the problem as handed to you. The path is yours to choose. Both
halves of that sentence were always true; the route you have just walked
exists to change which half you live in.
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Choose well. Walk short.
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THE SHORTEST PATH - end
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Great solvers do not search harder; they change the space until the
path is short.
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